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Abstract

We consider a PAC-Bayesian model aggregation approach to binary decision or forecast
rules when different decision-outcome pairs may have asymmetric payoffs that can vary with
observed covariates. The approach estimates a probability distribution over a class of models
from which majority vote or stochastic decision rules can be derived. Adopting a utility-
based measure of loss considered in |Granger and Machina) (2006), we show the PAC-Bayesian
methodology is well suited to this setting. Non-asymptotic training sample bounds and oracle
inequalities familiar in form to counterparts from the 0/1-loss literature are derived for the
utility-based setting. The decision rules perform competitively in simulation experiments,
achieving higher expected utility than several methods proposed in recent literature. The
approach is also well suited to data-rich modeling environments; a constrained version of the
learning algorithm produces utility-oriented decision rules with similarities to support vector
machines.
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1 Introduction

Forecasting an uncertain binary outcome arises in a variety of economic decision-making prob-
lems. Predicting whether or not a loan will be repaid or which direction an asset price will move
are examples where a decision maker’s action may vary in tandem with a binary forecast. In gen-
eral, a decision maker may incur costs or benefits that vary depending on the prediction-outcome
pair when making a decision such as to grant or decline a loan. Additionally, payoffs may vary
with covariates observed prior to realizing the outcome of interest and these covariates may also
influence the likelihood of the outcome. For example, as noted in [Elliott and Lieli (2013), de-
velopment finance institutions may view failing to grant a loan that would be repaid as being
more costly when the entity is deemed beneficial to a vulnerable population. At the same time,
observable characteristics that quantify this need could be correlated with whether or not a loan
will be repaid.
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It is well known that there are many successful classification algorithms suitable to a variety
of applications. However, asymmetric loss can be a crucial element to decision making and
most popular classifiers are not designed around this feature. Maximizing a likelihood function
or minimizing a zero-one loss function, or a convex surrogate, does not typically weigh the
relative costs of false negatives and false positives according to the preferences of the decision
maker. Recently, [Elliott and Lieli (2013) proposed a maximum-utility approach. Given a class
of parametric decision rules, {a(z,0) : R — {—1,1}, 8 € ©}, which map covariates X € R% to a
binary decision or forecast, the parameters 6 € O are selected as those that maximize the empirical
expected utility of the decision maker. Here the binary action or forecast a is associated with an
uncertain outcome Y with aligned categories {—1,1}. The utility maximization framework will
be the starting point for our analysis.

There is not a large econometric literature geared at this setting for data-rich environments.
First, we point out some recent developments. |Su (2020]) notes that the trade-off between model
class complexity and the propensity to over-fit carries through from empirical risk minimization
to the utility maximization setting. He situates the maximum-utility problem in the structural
risk minimization paradigm of [Vapnik| (1982)). Building on the analysis of Bartlett et al. (2002,
Koltchinskii (2001), and others, he considers a hierarchy of potential model classes with increasing
complexity and derives distribution-free and data-driven penalties to select an appropriate model
class and decision rule. Another approach was recently considered by [Babii et al. (2020) who
replace non-convex objects that arise in the utility-maximization problem with convex surrogates.

Here we approach utility-based decision rules from the PAC-Bayesian framework. For a
collection (or collections) of decision models associated with a measurable parameter space, this
will entail estimating a probability distribution over the model parameters. Then decisions are
made by aggregating over all possible decision rules, placing the greatest weight on subsets of
the parameter or model space associated with the lowest empirical loss. We adopt a utility-based
measure of loss considered in |Granger and Machinal (2006). Several prior works consider binary
classification from the PAC-Bayesian point of view including McAllester| (1999), Langford and
Shawe-Taylor (2003), [McAllester| (2003b), Catoni| (2007)), |Germain et al.| (2015)), and others. We
build in particular on the work of |Catoni| (2007)), Germain et al.| (2009)), and Alquier et al. (2016]).
When the utility function is bounded, a lemma of Maurer| (2004) enables several key steps of
the analysis to proceed as one would in the 0/1 loss setting. This trick is also noted in |Germain
et al. (2015). In the non-bounded case, our setting turns out to be well suited to higher level
assumptions like those in |Alquier et al. (2016)), where the PAC-Bayesian analysis allows for more
general loss functions.

Although estimating a probability measure over a parameter space to form decision rules may
seem unfamiliar, it is possible to view a variety of decision rules or classifiers in this light. For
example, given covariates X € RY, a set of transformations ¢;(X) : R? — R for j = 1,..., M,
and some estimated parameter vector § € © = RM | consider predicting Y € {—1,1} with

M
¥ =sign | 6,008,
j=1

The estimated parameter vector 0 could come from the method of support vector machine (SVM)
or the MU procedure of Elliott and Lieli (2013)). Both SVM and MU can result in predictions
of the above form. Alternatively, consider the probability distribution p(6) over © given by the



multivariate normal N (6, I);) distribution. In this case, it holds that

M M R
sign /@ sign{ > 6,(X)0 b dp(8)| = sign |3 6;(X)8; |, (1)
j=1 Jj=1

as can be seen in Section The left-hand side above can be interpreted as taking a weighted
majority vote over the class of models of the form

M
sign | Y ¢;(X)0;|, 0€6,
j=1

where p determines the weights that different regions of © receive. On the other hand, the right-
hand side of takes the same form as the SVM and MU rules. The PAC-Bayesian approach
provides a tractable path to analyzing useful theoretical attributes of decision rules centered
around data-dependent distributions p, including those for the SVM and MU methods. This
analysis guides the choice of distributions that we focus on in this paper. More broadly, while
the PAC-Bayesian framework is useful for deriving competitive learning models (our focus here),
this tractable path to analyzing potentially complicated models is a key point of interest itself
in the machine learning literature. For example, Neyshabur et al.| (2017) derive generalization
bounds for deep neural networks in a PAC-Bayesian framework.

There are several attractive characteristics of the PAC-Bayesian approach to utility-oriented
decision rules. It allows for a very flexible selection of the decision model class (or classes).
Almost any classification model with real parameters can be accommodated. Rather than esti-
mating these parameters by minimizing a 0/1 loss, convex surrogate, or likelihood function, a
probability distribution over the parameters that is dependent on a measure of empirical util-
ity is constructed. This puts the greatest weight on regions of the parameter space with high
empirical utility and then one can aggregate over potential models in a way that favors these
regions. Although the analysis is frequentist in nature, estimation tools from the Bayesian lit-
erature such as Markov Chain Monte Carlo (MCMC) and sequential Monte Carlo (SMC) can
be applied, sidestepping potential difficulties with computational complexity. By utilizing vari-
ational or change-of-measure formulas, the approach allows us to derive training sample bounds
that hold with high probability. Additionally, model aggregation can alleviate model misspecifi-
cation and estimation noise; see, for example, Jiang and Tanner| (2008) and Freund et al.| (2004])
where this is analyzed in different 0/1-loss-based classification settings. Both of these papers
utilize exponentially weighted aggregators similar to that employed here. Lastly, as pointed out
in Elliott and Lieli (2013)), the utility-maximizing decision rule is not unique. It is not unusual in
many settings to identify several models with identical or similar in-sample performances but with
different out-of-sample performances. Model aggregation makes sense in the context of multiple
solutions or multiple near-solutions.

The main contributions of this paper are as follows. We add to the toolbox available for
estimating binary choice or forecast rules when the decision maker faces asymmetric payoffs that
may depend on the value of observable covariates. The methodology is well suited to data-rich
environments and the decision /forecast rules perform very competitively against existing alterna-
tives, exhibiting noticeable gains in expected utility in the simulation environments also studied
in Elliott and Lieli (2013) and [Su/ (2020). We develop training sample bounds and oracle in-
equalities for the decision rules. These are similar in form to existing PAC-Bayesian bounds in



alternative settings such as the 0/1 loss which is nested by the utility-based loss adopted here.
We show that the theoretical insights, training sample bounds, and modeling guidance of the
PAC-Bayesian classification literature can be applied to the utility-oriented setting. Addition-
ally, we illustrate how these concepts and decision rules can be adapted to accommodate the
situation with multiple model classes of interest and provide practical guidance regarding imple-
mentation. Finally, we try to keep the presentation self-contained and expand on details of the
approach. While the PAC-Bayesian methodology has not gained a lot of traction or exposure
in the econometric literature, its flexibility and analytical tractability in a variety of machine
learning problems suggest that it may prove useful in future econometric applications.

The paper is structured as follows. In Section [2] we introduce the decision model and PAC-
Bayesian framework. In Section [3] we establish the theoretical properties of the PAC-Bayesian
decision rules and derive a constrained version of the model, which is easier to implement and
provides insight to the PAC-Bayesian machinery in this setting. In Section {4| we discuss imple-
mentation and estimation, and in Section 5| we carry out a simulation study. Section [6] concludes.
Proofs are given in the appendix.

2 Forecasting Framework

2.1 Model

To frame the decision problem, we adopt the setting of [Elliott and Lieli (2013)), tying a bi-
nary action or decision to forecasting a binary outcome. This is the standard decision-theoretic
framework analyzed in, for example, Granger and Machina) (2006). In addition to the discussion
below, we refer the reader to |Granger and Machina (2006), Elliott and Lieli (2013), and the
references therein for further theoretical considerations and additional applications of our setting
to problems in economics and other sciences.

The decision maker’s problem is to choose an action a € {—1,1} given an observable vector
of covariates X € R? with support X C R?. The actions are defined in a broad sense and are
categorically aligned with a binary outcome variable Y € {—1,1} that is not observable at the
time of decision making. Conditional on X = z, the outcome variable Y follows a Bernoulli
distribution with parameter P (z) where

P(z) =Pr(Y =1|X =x). (2)

The payoff or utility function of the decision maker is U(a,Y, X). U : {—-1,1} x {-1,1} x X = R
represents the preferences of the decision maker and is assumed known. We allow that the payoff
U(a,y,x) is a nontrivial function of . The table below illustrates the payoff function under
X = x with different combinations of (a,Y).

State
Action Y=1 Y=-1
a= U((l,1,x) U(l,-1,x)
a=-1 U(-1,1,x) U(-1,-1,x)

As a primary application of this setting, we may regard a as a forecast of the outcome of
a future random variable Y, or alternatively as an action taken based on the predicted binary
outcome of Y. Then U(a,y,x) is the payoff when the forecast or action is a, the realized value



of Y is y, and the covariate vector is equal to x. In this application, we expect that
U(,1,z) >U(1,-1,z) and U (—1,-1,z) > U (—1,1,z) for all z € X. (3)

That is, a correct prediction delivers a higher payoff than an incorrect prediction.

As a second application, our setting can be cast as a 2 X 2 game where Nature plays Y and
the decision maker plays a. More specifically, Nature plays a mixed strategy: for a given X = x,
Nature plays Y = 1 with probability P(z) and plays Y = —1 with probability 1 — P (z). In this
case, states that there is no dominating strategy for the decision maker.

We formalize (3|) along with a self-explanatory technical condition as an assumption below.

Assumption 1 (i) Forallz € X,U (1,1,2)-U (-1,1,z) >0 and U (—-1,—-1,2)-U (1,-1,z) >
0; (i) for all (a,y) € {—1,1}2, U(a,y,-) is Borel measurable.

2.2 Utility Maximizing Actions

Given X = z, a decision maker’s action is optimal if it maximizes her conditional expected utility,
i.e., a* is optimal if
a* € argmaxF [U (a,Y, X) | X = z]. (4)
a

Here a* depends on the observed value z. To signify this, we write it as a*(x). We can alternatively
formulate the decision maker’s problem in terms of a loss function. We think about the loss of
an action a as the amount by which the resulting utility differs from that of a perfect forecast if
Y were known when the decision is made. Given Assumption[I[i), a perfect forecast would entail
setting the category of action a to that of Y; we denote this unobtainable action based on the
realization of Y by ar. To motivate the form of the loss function, note that is equivalent to

a* € argmin E[U(ar,Y,X) - Ul(a, Y, X)|X = z]. (5)

a

With agr = Y by Assumption [1f(i), we define the loss function £: {—1,1}?> x X — R by

é(a,y,x) - U(y,y,x) - U(aa y7x)' (6)

This utility-induced loss function is called the point-forecast/point-realization loss function in
Granger and Machina (2006). Clearly,

a,y, o) = 0, ifa=y
Y )= Uly,y,z) — Ula,y,z) >0, ifa##y.

In general, ¢(a,y,z) # £(y,a,x), and so the loss function is not symmetric. In terms of the loss
function, we have
a* € argminF [{(a,Y, X)|X = z]. (7)

a

We can now derive a solution of (equation @D below), which is also obtained in [Elliott
and Lieli (2013). When X = z and a = 1, the expected loss is

Bl(1,Y, X)X = a] = (1 = P(2))(1,~1, ).
When X =z and a = —1, the expected loss is



Now, if we let

b(x) =£(1,—-1,2) + ¢(—1,1,z),
(1, -1, ) 0(1,-1,x)

@)= Tl T ®)

then a little algebra shows that an optimal decision rule, i.e., the one that obtains the lowest
possible expected loss, is to set a*(x) = 1 if and only if P(z) > ¢(z). This can be written as

a*(z) = sign [P(z) — ¢(x)], (9)

where sign(z) =1 for z > 0 and sign(z) = —1 for z < 0.
For intuition, under Assumption [1] and provided that P(z) < 1, a*(z) in (9 can be restated
as setting a = 1 if and only if

P(x) (1,-1,z) U(-1,-1,2)—U(1,-1,x)

- P@)  d-1Lz) U@ La)-U(LLx)
If we think of a as a prediction of Y based on X = z, then ¢(1,—1,2) =U(—-1,-1,2)-U(1,—1,z)

is the ez post missed utility from a false positive prediction (i.e., take a = 1 when ¥ = —1) and
(—1,1,2) =U(1,1,z) —U(—1,1,z) is the ex post missed utility from a false negative prediction
(i.e., take a = —1 when Y = 1). The optimal decision rule sets a = 1 only when the odds ratio

of the event Y = 1 relative to the event Y = 0 is greater than the false positive to false negative
loss ratio. As the relative cost of a false positive gets larger, a greater odds ratio is required for
an optimal utility-based decision rule to permit the action a = 1.

In terms of b () and ¢ (z), the point-realization loss function in () can be written as

E(a,y,x) :¢($7y) ) 1{y7éa}’ (10)
where
0Go) = o) |15 = yela)| = Ul 2) = U ) >0, (1)

This can be easily verified. Therefore,

a* € argminF [Y(X,Y)1{Y #a}|X = z]. (12)
a

The decision maker knows the payoff function U (a,y,x) and hence b (z),c(x), and ¢ (z,y).
She does not know P(z), the only piece of information that is still missing in solving the above
minimization problem. To make an optimal decision, she has to estimate P (x) based on the
sample {(X;,Y;)}" ;. One of her options would be to choose a proxy m(x) for the unknown P(x)
from some class of functions. Her task is then to learn the most suitable m for a decision rule of
the form a(x) = sign [m(z) — ¢(z)]. In considering such options, we will maintain the following

additional sampling and distributional assumptions.

Assumption 2 (i) {(X;,Y;)} | is an @id sample; (i) X; € X and Y; € {—1,1}; (ii) The
joint distribution function of (X,Y) is P(X,Y) where P(X,Y) is a probability measure over
(X x {-1,1}, B, ® By) where B, is the Borel o-algebra associated with X and B, consists of all
subsets of {—1,1}; (i) There exists some Ky > 0 such that

1
Eexp {\*y(X,Y)?*} <exp {Ki/\Q} for all A such that |A| < Ky



The condition on the moment generating function in Assumption (iv) specifies that the
random variable (X,Y’) is sub-Gaussian (c.f. Proposition 2.5.2 (iii) and Definition 2.5.6 of
Vershynin| (2018)). Given that ¢(x,y) = U(y,y,z) — U(—y,y, x), this assumption requires that
the payoffs from a correct decision (or alternatively, the costs from an incorrect decision) must be
sub-Gaussian. This is a fairly mild requirement and accommodates, for example, any underlying
utility function that is bounded, a condition that is assumed in Elliott and Lieli (2013]) and
Su/ (2020). Here benefits and costs of correct or incorrect decisions do not have to be bounded
provided that the tails of the distribution decay exponentially.

In terms of the resulting action rule a,, (x) = sign [m*(x) — ¢(z)], the conditional optimization
problem is equivalent to the unconditional optimization problem

m* e algenj\ljn E{y(X,Y)1{Y #sign[m(X) — c(X)]}}, (13)

where M is the space of all measurable functions from X to R. To implement the optimal m*,
the decision maker could solve the sample version of the above problem,

. RN .
m* € arg min— Z ¥ (X;,Y:) 1{Y; # sign [m(X;) — ¢(Xi)]},
memM T i—1
and let
Qe () = sign [ (z) — (@) .

The M estimator m* is motivated from utility maximization, and we will refer to it as the
maximum utility (MU) estimator. The MU estimator is clearly different from the maximum
likelihood estimator defined as

- I {Y +1
My p — argmax—
mem N i—1

fogm () + (1= X134 ) tog 1~ m(x)]}.

where we have assumed that m(X;) € (0,1) E| The likelihood function is motivated statistically
without accounting for the payoff differences under different actions and states of the world.

Implementation of the optimal strategy requires searching over the whole space of measurable
functions M. This is a formidable task. In addition, such a method may not generalize well.
In practice, we restrict attention to a parameterized subclass of M. Denote this collection of
models by Mg C M where each model m(x,0) € Mg is determined by parameters § € © and
O C RY is the parameter space with potentially ¢ # d, where d is the dimension of X. We delay
specifying the functional form of m(z,#) for now. The MU estimator over Mg selects the model
parameter 0 by solving

0 € arg min% D 9 (X3, Y3) 1{Y; # signm(X;, 0) — (X))} -
oee M

Such an estimator has been considered in Elliott and Lieli (2013]). In the special case that the loss
functions ¢(1, —1,z) and ¢(—1,1, z) are equal to the same constant function, we have ¢ (x) =1/2
and ¥(x,y) = [£(1,—1,2) + £(—1,1,2)] /2, which is also a constant function. Hence,

. 1 <&
0 € argmin— > " 1{Y; # sign[m(X;,0) — ¢(X;)]} .
gco N

If this is not the case, we can take a transform such as the logistic transform so that the transformed version
is in (0, 1).



In this case, the MU estimator reduces to the maximum score estimator of [Manski (1975, 1985|).
Su/ (2020) considers model selection in the MU framework. There, model selection is based on a
penalized MU estimator where the additive penalty regularizes the complexity of the model class
and controls the generalization error.

A key observation from |Elliott and Lieli (2013) is that m™* and /* may not be unique. Consider
the sample problem as an example. If 7™ is a solution, then any function 7 (z) that satisfies

sign [/ (2) — ¢(x)] = sign [m(x) — ¢(z)]

is also a solution. Each crossing point of P(z) and c(z) corresponds to a region of X where m*
and m may disagree out of sample even if both achieve the same in-sample empirical utility. This
provides an incentive to consider ensemble methods. In the presence of multiple solutions, it is
reasonable to average or aggregate models with high empirical utility rather than trying to select
a solution.

2.3 PAC-Bayesian Framework

Instead of model selection, we consider model aggregation in this paper. We do so within the
PAC-Bayesian framework. In this subsection, we introduce some definitions and concepts central
to this approach before considering statistical properties of the resulting decision rules in Section
Bl

Most generally, we work with Rg, a parameterized subclass of the set of measurable functions
from X to {—1,1}, characterized by a parameter space ©. The typical example we deal with
here and in our simulations is the setting where

Reo = {sign [m(x,0) — c(x)] : m € Mg}, (14)

where again Mg is a parameterized subclass of the space of measurable functions m : X — R
that are characterized by the parameter space © C R? associated with ¢ model parameters.

For actions a (z,0) € Re (determined by 6§ € O), with some abuse of notation, we denote the
utility-induced, point-realization loss by

6(97y7x) = w($7y)1 {y #a (33‘,9)} )

where ¢(z,y) is defined in (11]). Additionally, for any § € O, define the risk function R(¢) and
its empirical counterpart R, (#) by

R(0) = E[¢(0,Y, X)], (15)
RA(6) = L3 00,77, %) (16)
=1

Whereas the MU approach selects a single § € © by minimizing R,, (0) over ©, here we will
place a non-negative weighting on each 6 in the form of a probability measure on © and then
take actions based on aggregation over all possible models. The goal is to construct a probability
measure p(-) on © that may depend on the sample {(X;, Y;)}*;. The PAC-Bayesian framework
allows us to identify bounds on functionals of R(f) that depend on R, (f) and hold with high
probability. These bounds can then guide the choice of p. We will need to integrate over both
the sample space and the parameter space, and we make the following assumption.



Assumption 3 (i) (0, By) is a measurable space where By is the standard o-algebra on © and
is countably generated; (ii) (0,z) — a(z,0) : (0 x X,By® By) — ({—1,1},B,) is a measurable
function where By, = By.

Assumption [3| contains some technical conditions that address measurability concerns. By
a probability measure p(-) on © that may be sample dependent, we mean a regular conditional
probability measure p(z,-) where z € (X x {—1,1})*™. That is, for any fixed S € By, p(z,5) :
(X x {=1,1})"" (B, ® B,)®") — R, is measurable in z and for any fixed z, the map S
p(z,8) : By — R, is a probability measure. For conciseness, we suppress the potential reliance of
p on the particular sample set z. Given some deterministic probability measure 7w, we will work
with the Kullback-Leibler (KL) divergence between 7 and p,

Jo log [g—ﬁ(@)] dp(0), if p<m

00, else.

DKL(P,W)—{

We will consider only the case that p < 7 (a.s.) in this paper. The requirement in Assumption
that By is countably generated serves to ensure that objects such as Dkp, (p, 7) are measurable.
For further measure-theoretic consideration, we refer the reader to |Catoni (2004), in particular
Proposition 1.7.1 and its proof on pages 50-54. There the measurability of Dkp (p,7) when p
and m may be regular conditional probability measures is demonstrated under conditions that
are met by our assumptions.

Given a probability measure p(-) over ©, there are a few ways to form a decision rule. Among
them, the Gibbs method and the majority vote method are widely used. The Gibbs method
associated with p draws a value, say 6,, randomly according to p and then takes the action based
on #,. Mathematically, we let 6, ~ p and we take

agp(r) = ag, (2).

That is, we play a mixed strategy based on the distribution p. With some abuse of the notation,
the average risk of the Gibbs method associated with p is

R(ag,) = /@R<9)dﬂ(9) = EppExypx )P (X, Y)I{Y # a(X,0)}, (17)

which is referred to as the Gibbs risk in the literature. Above, Ey., is the expectation with respect
to the distribution of 6, and Ex y.p(x,y) is the expectation with respect to the distribution of
(X,Y). We adopt the same convention hereafter.

The Gibbs risk R (ag,,) is the expectation of the risk function R (#) under measure p(-). It is
thus a linear functional of p (-). More precisely, if p = ap; + (1 — ) p2 for some p; and ps and
a constant «, then R (ag,) = aR (ag,p, )+ (1 — a) R(ag,p,) - The linearity makes the Gibbs risk
more amenable to theoretical analysis.

For the majority vote method, which is also called the Bayes method, the action is defined
according to

ap,p(x) = sign {Eg~pa (x,0)} .
Such a method aggregates the actions {a (z,0) : § € O} to obtain the prevailing action. For
intuition, suppose that 61,...,6y5 are N i.i.d. draws from p and consider the action

N
. 1
ap,n(z) = sign N z; a(z, ;)
J:



Provided that Ey.,a (z,0) # 0, we have ap n (z) 3 ap,, (r) as N — oo for each x. Note that
ap,n (x) = 1 if and only if more than half of the actions {a(z, Qj)}é-v:l are equal to 1 so this is
akin to a weighted majority vote of the parameter values in ©. The risk of the majority vote

(also called the Bayes risk) associated with p is defined by

R(apy) = Exy~px )P (X, Y)I{Y #ap,(X)}
= Exy~px )X, Y)I{Y # sign{Eg,a(X,0)}}.

The Bayes risk is clearly not linear in p.

In practice, the majority vote method or the Bayes method delivers numerically more stable
results than the Gibbs method, but the latter is easier to analyze. However, the Bayes risk is
upper bounded by twice the Gibbs risk as shown in the following lemma.

Lemma 1 Let Assumption |1, Assumptions @(ii} and (i), and Assumption @ hold. Then, for
any probability measure p on O,
R(aB,) < 2R (ag,p) -

Lemma [T] extends the “factor 2” bound for the majority vote method in the machine learning
literature to the utility-based, point-realization loss setting. This property is well documented in
the case of 0/1 loss (e.g., Langford and Shawe-Taylor| (2003), [McAllester| (2003a), and |Germain
et al. (2015)). Here, we use Lemma [l only to justify using the Gibbs risk as a surrogate for the
majority vote risk. The loose bound in the lemma is enough for this purpose. [Langford and
Shawe-Taylor (2003) show that the factor of 2 can sometimes be reduced to (1+¢) for some small
e > 0. Lacasse et al.| (2006) and |Germain et al. (2015) show that tighter bounds on R(ap ,) can
be obtained in the 0/1 loss setting and in a related loss variant.

To choose p to guide our decisions, we follow the PAC-Bayesian approach. Let P(©) be the
set of probability measures on (0, By). The first ingredient is a reference or prior probability
measure 7. We make the following assumption:

Assumption 4 7 € P (0) is a (deterministic) probability measure that does not depend on the
sample.

We will denote the set of probability measures on (0, By) that are absolutely continuous with

respect to m by Pr(©). Assumption 4| is essential in PAC-Bayesian analysis. For example, our
analysis will involve the sample version of the Gibbs risk, defined for p € P(O) by

Ru(ag,,) = /@ Ry (0)dp = /@ 0(6,Y;, X;)dp(6). (18)
i=1

If p is derived from {X;,Y;}!",, is difficult to work with because [g £(6,Y;, X;)dp(6) is not
iid and so R,(ag,p) is not a sum of iid terms. However, for any measurable function A(#), the
so-called change-of-measure inequality states that for any p € Pr(©),

[ A@ap(o) < 1o [ [ ew <A<9>>dw<e>] T Dict(p, ), (19)
(C] ©

provided the integrals are well defined. When both p(-) and A(:) depend on the sample and
exhibit complicated dependence, it may not be easy to control [o A(6)dp(f). But when 7 does

10



not depend on the sample, can provide a manageable upper bound. Although the change of
measure inequality is simple and easy to prove, it is foundational to the PAC-Bayesian approach.
See McAllester| (2003b) and references therein for further discussion. is stated below as
Corollary (b), and a proof is given in the appendix. Some choices for 7 are discussed in Sections
3.2l and [4]

Given the pre-specified 7, we choose p to minimize the sample Gibbs risk R,(ag,,) in ,
subject to the constraint that p is not too different from 7. We utilize the KL divergence to mea-
sure the difference between two probability measures. Mathematically, we solve the constrained
minimization problem:

min R,(0)dp(0) s.t. D ,m) < C,
min. [ R.(0)4p(®) st Dia(p.)

for some constant C'. Alternatively, we use the Lagrangian form and solve the unconstrained
minimization problem

. 1
min, [ | Rat®)io(o) + ADKL@,M} , (20)

where A > 0 is a constant. Theoretical justification for this choice of optimization problem is
given in Section
Let M (©) be the set of measurable functions on (0, 5y) and

M (©) = {A:AGM(G)) and /@exp(A(Q))dw(Q) <oo},

which is a subset of M (©) that has a finite exponential moment under 7. To obtain a closed-form
solution to we provide the following lemma and corollary, which will also be used repeatedly
for establishing other results.

Lemma 2 For m € P(©) and A € M (O) such that —A € M[ (©), let par € Pr(©) be the
probability measure on © with the Radon—Nikodym (RN) derivative with respect to ™ given by

dpax(0) _ exp (=4 (0)) ‘
dm (6) f@ exp (—A <9~)) dm (é)

Then for any probability measure p € Py (©) we have

g | [ exp (=A@ dx )] = = | [ 46)do(®) + Dra. ()| + Drc (opa)- (2)

Corollary 3 (a) For A, 7, p, and pax as in Lemma@ we have

par=arg min | [ 40)ap(©)+ Diw p.)] (22)

and

min [/@A(@) dp (6) + Dict (p,m] ~ log [/@exp(—A(@))dﬁ (e)}

pPEP=(O)
(b) For any A(-) e M} (©), m € P(©), p € Pr(O),

/@ A(8)dp (6) < log [ /e exp (A (0)) dr (9)] + Dict, (p, 7).

11



Lemma [2] and Corollary [3|(a) provide a closed-form solution to the minimization problem in

(20). Let

1
Oy := arg min R, (0)dp(0)+ —D , 7T - 23
=g win | [ Ry (©)dp(®) + 5D (o) (23)
Then it follows from Corollary (a) that ) = par,..». Given A and 7, p) will be our primary choice
of probability measure for deriving decision rules through a majority vote or Gibbs method. We
present this as a definition.

Definition 4 py is a (random) probability measure on © with the following RN derivative with
respect to T :

dis (g exp[-AR (0]

dr " Joexp AR, (9)]an (6)

P is sometimes called the Gibbs posterior. From a Bayesian perspective, we may regard m
as the prior distribution for the parameter # € © and py as the posterior distribution. Such a
Bayesian interpretation may help us understand the approach, but it is not necessary. In fact,
this interpretation is valid only if exp [-AR,, ()] is proportional to a likelihood function. The
approach we use is a frequentist one, and exp [—-AR,, (f)] does not have to be a likelihood function.
The definition of gy is motivated from the minimization problem in , not from any Bayesian
principle. In particular, there does not have to be a likelihood function or a complete model. All
we need is the empirical risk based on the utility-based loss function. Also, m does not have to
be a prior distribution. It can be any distribution that does not depend on the sample. However,
for easy references, we may still refer to 7 as the prior and p) as the posterior. More generally,
any p determined from the sample may be referred to as a posterior distribution.

The probability measure py can be regarded as an adjusted version of . Consider two param-
eters 01 € © and 03 € O©. If R, (01) < Ry, (02), then exp [-AR,, (01)] > exp [-AR,, (62)] for any
A > 0. Hence, relative to m, p) assigns more weights to 61 than to 5. The distributional adjust-
ment, therefore, favors the parameter value that delivers a smaller in-sample empirical risk. The
degree of adjustment is determined by the tuning parameter A. On the one hand, if A approaches
zero, then py approaches 7, and there will be no adjustment. On the other hand, if A — 400,
then p) assigns all weights to the minimizers of Ry, (), provided that the minimizers are in the
support of the prior 7. We will investigate the choice of A\ in subsequent sections.

3 PAC-Bayesian Analysis Under Utility-Based Loss

In this section, we derive PAC-Bayesian bounds on the Gibbs risk and oracle inequalities for
decision rules based on py in Definition (| for the utility-induced loss setting. The bounds provide
justification for focusing on the minimization problem in . They are non-asymptotic training
set bounds that hold for a user-specified confidence level. The oracle inequalities illustrate a
sense in which py is close to the probability measure we would select if R(#) were known. We
also consider a constrained version of the problem in which illustrates the mechanics of the
methodology and produces decision rules with similarities to support vector machines. Lastly, we
consider the formulation when one is interested in aggregating multiple decision model classes.
For a probability measure p on © that may depend on the sample, an integral step in PAC-
Bayesian analysis is to establish an upper bound for D[R(ac,,), Rn(ag,)] where D : R2 — R
is a measure of the difference between the Gibbs risk R(aq,,) defined in and its empirical
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counterpart R,(ag,,) defined in . We will often focus on the case D(r1,r3) = r1 — ro, ie.,
when

D[R (agy), Rn (ac,)] = /@ R (6) dp(6) - /e R, (6) dp(6)

Let € > 0 be a small constant. The initial aim is to establish the following result: for some upper
bound By, (7, p, €) we have

Pr{D[R (ag,), Rn (ag,p)] < Bn(m,p,€) for all p € Pr(O) simultaneously} > 1 — e. (24)

We can use such a bound to choose p € Pr(0©) so that the Gibbs risk of p, R(ag ), is minimized
with high probability. We will see that this leads to the minimization problem in .

For a given D (-,-), we can regard D[R(agp), Rn(ac,5)] as a measure of the generalization
error under the Gibbs method for p. If B, (m, p,€) decays to zero for any € > 0 as n increases,
then the above inequality implies a low generalization error with high probability ( with
probability at least 1 — € for any small €). In this case, we say that R, (agp) f@
is probably (the high probability part) and approximately correct (the low generahzatlon error
part) for R(agp) = [o R( . The PAC framework, introduced by Valiant| (1984), evaluates
learning mechanisms via the probablhty (prescribing a confidence level) that the resulting rule
will approximate an optimal rule at some level of accuracy. As noted in [Shalev-Shwartz and
Ben-David (2014), which includes an excellent introduction to PAC analysis, this framework
has broad appeal, has been extended in scope (e.g. |[Haussler| (1992)), and has been utilized in
several foundational analyses (e.g. |Vapnik| (1982), Vapnik (1992), and [Vapnik| (2013)). In the
PAC-Bayesian framework, rather than centering attention on learning mechanisms that settle
on a particular instance in the parameter space, the focus rests on PAC statements for objects
concerning distributions over models or model parameters. The approach then has flavors of
both Probably Approximately Correct (PAC) learning and Bayesian learning. Hence it can be
called PAC-Bayesian learning. As we discussed previously, the Bayesian part is a misnomer, and
we use “PAC-Bayesian” in the absence of a better term.

3.1 Bounds and Oracle Inequalities for the Decision Rule
Here we establish PAC-Bayesian and oracle bounds under Assumptions [1] -4 We begin with the
following bound of the form in (24)).

Theorem 5 Let Assumptions([1] [3, and[3 hold. Let D : Ry x Ry — R be convex over the range

of (Y(z,y),¥(x,y)) where ¥ is defined in and depends on the wutility function U(a,y,x).
Assume there exists a function f(\,n) and an interval I CRY = {A € R: X > 0} such that for
all N eI,

/@ Eexp(AD [R(0), Ra (6)]) dr(8) < exp(f(A,n)). (25)

Then for any € € (0,1],

f(A7n> —f—lOg%—i—DKL (p,TF)
A

>1—ce (26)

Pr {D (R (ag,p) , Rn (ag,p)] < for all p € P(O) Simultaneously}
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There is a fairly well established path to results like Theorenfin the literature. For example,
Bégin et al. (2016) lays out a blueprint for deriving such bounds in the 0/1 loss setting that is
general enough to encompass many results identified in the previous literature. The above bound
combines elements of Theorem 4.2 in |Alquier et al. (2016) and Theorem 18 in |Germain et al.
(2015). Theorem [5| is proved in the Appendix. |Alquier et al. (2016) refer to condition as
the Hoeffding assumption. In situations where D[R(#), R, (0)] may become unbounded almost
surely for certain values of 8, such a condition can allow for valid and nontrivial PAC-Bayesian
bounds provided that 7(6) is chosen judiciously. We will also note that D in Theorem (7| may
depend on A provided that for each A\ € I it is convex over the range of (¢(z,y), ¢ (z,y)). In our
analysis, when D depends on A in this way, it will be the case that the resulting high probability
inequality simplifies so that the left-hand-side contains an object of interest and does not depend
on A.

To produce the main bounds and oracle inequalities of interest, we combine the above theorem
with the following lemma.

Lemma 6 Let Assumptions[1] —[{] hold.
(a) For s € {—1,1}, let D(r1,r2) = s(r1 — r2), so that
D[R (0), R, (0)] = s (R () — Rn (0)).
Then for A > 0, holds with
A2 K2 + M2
P P
sy VK]

n

where Ky, is the constant in Assumption@ and py = EY(X,Y). Additionally, if

Umax = sup|U(a,y, x)| < oo, (27)
a?y7x
then for A > 0, (25)) holds with
)\2U2
A — max‘
f( )n) 2n

(b) Assume holds. Let

where

Then, for A > 0, holds with

(c) Assume holds. Let

2
D(ri,r9) = max{rl — )\Zmax — 1, F(r1) — rz} ,
n

where F is defined as in . Then, for A > 0, holds with

f(A,n)=0.
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Theorem [f] combined with Lemma [6] produces the following result.

Theorem 7 Under Assumptions f for A >0 and € € (0,1] we have the following properties.
(a) For s € {—1,1}, the following event occurs with probability at least 1 — € for all p € Pr(O)
stmultaneously:

2

[ SIR®) - R @1 do®) < § | (53 +12) + D (p.m) + 10y 1

where Ky, is the constant in Assumption @ and py = EY(X,Y). If holds, then the term
(Ki + u2) can be replaced by U2, /2.

(b) If (27) holds, then the following event occurs with probability at least 1 — € for all p € Pr(O)
simultaneously:

[ r@) a0 < 7.} ( [ @) o)+ Drc (i) + 5 o 1) |

where fn_i (r) is the inverse function of Fp () :

1—exp (—%-r)

1 —exp (—% . 2Umax) .

f;i (r) = 2Umax
(¢) Define
ANU2 1
Urnsle) = [ Bul®)ap(0) + |52 4 Diw (p.7) + 10w 1| (29)

UM,;<>=fn§< [ R0 @50) + 1 Drc () + 108 ). (30)

If holds, the following event occurs with probability at least 1 — € for all p € Pr(0©) simulta-
neously:

/@ R(6) dp(6) < min {Us 1 ,(e), UL, (c)}

When Upax < o0, the bounds in Theorem [7|(a), (b), and (c) can be computed from the sample
for a learned p, be it of the form in Definition [4] or that in Section or some other form. In
the Upax < 00 setting, part (c) can provide an improvement over the bounds in part (a) and
(b) which are, respectively, similar in form to bounds in |Alquier et al. (2016)) and |Catoni| (2007)).
Setting s = 1 in Theorem (a), we obtain, with probability at least 1 — e for all p € Pr(O)
simultaneously:

2
[ R ©dn0) < | [ Ra©)dnt0) + 5000 + 5 [ (8 4) 10w |

The above bound and the bound in [7] I are slight variants of one another Note that for a
given J, if we choose p to minimize the upper bound for R(a¢ p f@ in either of the
inequalities we are led back to the minimization problem in . The bound in Theorem (b)
is similar in form to Theorem 1.2.6 in (Catoni| (2007)) for the 0/ 1 loss. It is recovered from the
distance measure D in Lemma @(b) similarly to|Germain et al.| (2009) who focus on the 0/1 loss
setting.
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When s = 1, Theorem [7[a) gives us
Pr {/ [R(0) — Ry, (0)]dp(0) < Bp(m,p,e) for all p € Pr(0O) simultaneously} >1—e¢,
©

for
A

1 1
Bn,/\(ﬂ-ap7 6) = E (K,i, +:u'@2b) + X |:log6 + DKL (p7 7T):| :

Setting A proportional to n'/2 yields the following best rate of the PAC bound Bpa(m, p,e) -

1
Bn,)x(ﬂ-vp’ 6) = Op <\/ﬁ> :
On the other hand, for the function .7:;}\ () in Theorem b), we have, using exp(x) > 1 + z for
all z € R,
1—exp (—%'T‘) Cn .
1 —exp (—% . 2Umax) T 1—exp(—=Cy)

T3 (1) = 2Umax
where C,, = % - 2Umax. Hence, Theorem E(b) implies that

Pr {/ [R(0) — Ry, (0)]dp(0) < By,c(m,p,e) for all p € Pr(O) simultaneously} >1—e¢,
©

where
Buc, (1.0, = | 1ot = 1| [ Ra(®)dp(6)
n,Cp \T, P, €) = 1—eXp(—Cn) o n P
2U max 1 1
+ n 1 — exp (*Cn) |:10g€ +DKL(p7 7T):| .

When R, (#) > 0, setting Cy, proportional to (n [g Ry (0) dp(@))_l/2 yields the following best
rate of the PAC bound B, ¢, (7, p, €) :

Bn,cn (7'(', P 6) =

0, \/ Jo Bn (6) dp(6)

It should be noted, however, that we cannot choose A in C,, according to the data for the bounds
in Theorem[7] We consider valid bounds when A is data-dependent, for example when it is chosen
via cross-validation in Theorems [ and [Tl

When P(X,Y) and p are such that R, (ag,,) = [o Rn (0) dp(6) is very small, the PAC bound
from Theorem [7(b) can be smaller than that in Theorem [7[a). For a given A, Theorem [7|(c)
says that we can take the better of the two, without applying any union bound arguments that
require a reduction in €. On the other hand, Theorem (b) and (c) only provide upper bounds
for [o R (0) dp(6) while[7((a) provides both an upper bound and a lower bound.

Note that Theorem (7| holds for all p simultaneously. Setting p(-) equal to px(-) in Theorem
[(a) and (c), we can obtain the following theorem.
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Theorem 8 Let Assumptions |1l —|4| hold. Then for e € (0,1] each of the following holds with
probability at least 1 — e:

(a)
) o1 L[R2 (K2 02) 1
[ R dpr < [ Ru@din+ 1Dia (a4 5 | o |
e S] €
(b)
. . 1 )\ <K2+/.L¢)> 2
9)dm—/Rn(9)dm < )\DKL(pAa ™+ SRR LV W
[e) €
(c)

/R(H)d < /R Jdp(6) + 2 Dyt (py ) | + 2 A2(Ki+ﬂi)+1 2
mm | ——F +log—|.
o P pePr® P )KL P, T b\ n ge
If holds, (Ki +#12/,) can be replaced by U2, /2 in (a)-(c).
(d) When holds,
/@ R(6) dpx(8) < min {Us x5, (6, U5, ()}

where Uy r 5, (€) and U/\F7r s (€) are given by and with p set to py.

Theorem [8|(a) provides a PAC-Bayesian bound for the generalization error of the Gibbs
method. When Upax < 00, choosing the rate-optimal A = k+/n for some constant x > 0 gives us

2
Pr{/@R(G)dﬁ,\(G)g/@Rn(Q)dﬁA(G)erl/ﬁ DKL(ﬁA,W)—i—logi]—l— 203/“%)(}21—6. (31)

Therefore, the PAC generalization error decays to zero at the rate of 1//n.
Theorem (b) allows us to construct a (1 —¢) confidence interval CIy . (¢) for [g R (6) dpy (6):

CI)\,Tr (6) = [L)\,ﬂ' (6) y U)\,ﬂ' (6)] 5

where

Lyx (e) /R(wdA LDt (pa ) — A<KL““>+m2
x (€)= n - = i) ——% =
A, o P )KL P \ - g .
1 ) L (N (K2+02) 2
U (€) = R, (0) dpx + XDKL (Px, ) + ;o + log —
S n €
Let

_ 1 ) 1, 2
Ui () = Fp ) </ R (8) dpx + + Dxr(pa, m) + 1 log > :
S €
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Then the upper limit of CI  (€) can be replaced by min(Uy . (¢),U{, (€)), leading to a shorter
confidence interval. This follows from a union bound argument as in the proof of Theorem Bl(a).
Note that U )\f - (€) above is equal to U)f x5y (€/2) in equation ([30). If there is a natural bound for
Jo R () dpyx (6), such as 0 for the lower bound or 2Upnay for the upper bound, we should make
an obvious modification to the above interval.

Theorem [§fc) shows that the estimated probability measure py (-) strikes almost the best
trade-off between the average risk [o R (6)dp (9) and the regularization term 2Dkw (p,m) . The
best trade-off that solves the minimization problem is given by the distribution pyg/, with the
following RN derivative

dpxr/2 ,,. exp [~5 R (0)]
dm Joexp [-5R(0)] dr (0)

This follows from Corollary [3(a). Note that R (6) is not feasible and is only known to an oracle.
Hence, pyg/2 is not feasible and the bound in the theorem is an oracle-type risk bound.

Theorem c) can be interpreted as selecting the best probability measure in P, (0) . Ideally,
we select p () € Pr (©) to minimize the average risk [ R (0)dp (6). An oracle who knows R (6)
can solve for the best p* (), namely, p* = argmin,cp_ (o) o R (6)dp(#). Not knowing R (6),
we replace it by the empirical estimator R, () and add a regularization term to the objective
function. That is, we solve the optimization problem in . The selected py can not be expected
to be as good as p*. However, Theorem (c) shows that it is almost as good as a second best
oracle solution pyg/o-

In practice, A will be chosen by cross validation. However, cross validating A inhibits the use
of Theorems [7] and [§] for deriving risk bounds or confidence intervals. We mention two methods
for dealing with this. First, we can employ an idea from |Catoni (2007)) for deriving bounds that
do not rely on A. This entails combining a union-bound argument with Theorem [7] and leads to
the following theorem.

Theorem 9 Let Assumptions f hold and let o > 1 and € € (0,1]. Assume holds. Each
event below holds with probability at least 1 — €.

(a) For s € {—1,1} and for all p € Pr (©) simultaneously,

\2U2 1 log (a2
—% + log — + Dxkr(p, ) + 2log g()] }

/@s [R(0) — Rn(0)] dp(0) < inf {(/)\é 2n € log a

A>1

(b) For s € {—1,1} and any A > 1 which may be chosen based on the sample,

o | 3202 1 log (a25\>
0) — R, (0] dp;:(0) < = | —2 L log~ + D 053, 2log ——————~
[ 5 IRO) = Ru(@))di(6) < § | F522 410 7+ Dic (3, 7) + 2log —
(c) Let
1— _A.
f;}\a(r):2UmaX &b ()\ & T) )
" 1 —exp (—%-2Umax)
and define
_ NS g (a2
UA,w,p,a(G)_/e)Rn(e)dp(e)+)\ T—Hogg—FDKL(p,?T)-i-?logm
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2
bgl%glog(w)]).
€

_r » 1 1
= n *D 9 N
U)\,T(,/),Ot<€) ‘Fn,)\,a (/@R (9) dp(e) + A KL(’O 7T) T A 10gOé

For all p € P (©) simultaneously,

/@R(G)dp(ﬁ) < inf {min |:U)\,7T,P,Ol<€)7ﬁ)\;,7r7p,a(€)i| }

A>1

(d) For any A > 1 that may be chosen based on the sample,
R(6)dps5(0) < min [T 4
| BO)ap3(0) < min [T (6,03 55000

Theorem |§| is stated for the case where Upax < 00, i.e., a setting where the bounds can be
computed without knowledge of the DGP. However, the bounds in parts (a) and (b) have valid
counterparts in the more general case where we would replace U2, /2 by Kfp + ,u?p. Following
similar arguments to those producing the confidence interval C1I , (e) after Theorem (8 a con-
fidence interval for [g R(6)dp; can be derived from Theorem (9) that is valid when p5 is such
that A is data-dependent. Note that in parts (a) and (c) the infimum is taken over all A > 1.
The condition that A > 1 is fairly reasonable in relation to the bounds that motivate the decision
rules. To see this, in the bounded utility setting, suppose that U : {—1,1}?> x X — [~ Upax, Umax]
is replaced with the normalized utility U = U/(2Upax), which of course does not alter the under-
lying preferences. Then Upax = SUD, 4 o |U(a,y,z)| = 1/2, so that the point-forecast loss based
on this utility function satisfies 0 < (6, y,z) < 1. With this normalization, any observed loss is
then a percentage of the largest possible loss rather than relying on potentially arbitrary utils.
With this normalization, for any 0 < A < 1, both the bounds in parts (a) and (b) of Theorem
are such that the right-hand side is trivial (i.e., it is at least 1) whenever ¢ < exp(—1). Focusing
on A > 1 restricts attention to values for which confidence in the bounds is more reasonable.

A second method for obtaining bounds or confidence intervals when X is data-dependent is
to build from bounds in the literature where the PAC-Bayesian analysis does not utilize this
temperature parameter. For example, the following result is also obtained in |[Maurer| (2004)) and
Germain et al.| (2015). While these authors do not explicitly consider loss functions that vary
with X, some results there carry through when the utility function is bounded.

Lemma 10 Let Assumptions f hold and assume that holds. Let

9 71 l—a

n a
D(Tl,TQ) = X |:k]. (wm<, M)] y where kl(a, b) = alogg + (]. - a) log 1_ b

Then, for A > 0, condition in Theorem @ holds with

FO\n) =logé(n), where &(n):= zn: (Z) <7’z>k <1 - z>n_k

k=1

That kl(-, ) is convex follows from Theorem 2.7.2 of |Cover and Thomas (2006) and we adopt
the convention that 0log0 = 0 , alogg = oo if @ > 0 and OIOg% = 0. Note that kl(a,b)
is the KL-divergence between two Bernoulli random variables with success probabilities a and b
respectively. It can be shown (c.f. Lemma 19 in Germain et al.| (2015)) and references therein) that
vn < €&(n) < 24y/n. Theorem [5| combined with Lemma [10] produce the first part of the following
theorem. The second part follows from an application of Pinsker’s inequality, 2(a —b)? < kl(a, b).
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Theorem 11 Let Assumptions f hold and assume that holds. For € > 0, each of the
following holds with probability at least 1 — €.
(a) for all p € Pr(©) simultaneously,

Kl (Rn(aG,p) R (ag,p)

2 Umax ’ 2 Umax

(b) for all p € Pz(©) simultaneously,

| 7 @)~ | Rnw)dp(e)\ < 2Umax¢ = <1og €(n) + log + + Dic (. 7r>).

As discussed in |Germain et al.| (2015), (a) is a slight improvement over similar bounds that
have arisen in earlier PAC-Bayesian literature. One option to derive a bound for [g R, (0)dps5(6)
is to solve the inequality in (a) numerically. As the bounds in Theorem |[11| do not depend on A
and are valid for any p € Pr(0), they produces bounds for p; when ) is data dependent.

Lastly, the generalization bounds for the loss function can be used to obtain generalization
bounds for the utility function directly. To this end, denote

Z ),Y, X)) ZU}Q,}Q,X} R, (0)

1 =1
and U(0) = E[U(a(X,0),Y, X)] = EU(Y,Y, X) - R(6).

§\H

n

.

Also let

2log 2
BU:UmaX g€-

n
Then we have the following corollary of earlier bounds for [o[R(6) — R, (6)]dp(6).

Corollary 12 For ¢ > 0, let p be a probability distribution over © and let Br(p) be a high
probability (at least 1 — €/2) bound for [o[R(0) — R, (0)]dp(0), i.e. Br(p) satisfies

€

pr{ [ 1RO) - RO ds0) < Br(p)} =1~ 5,

Then

e ([ 00)d5 )= [ 0,0)0p(0) - (B + Br(p)) = 1.

For example, if we are considering decision rules using p; with data dependent A > 1, under the
assumptions of Theorem |§|(a) and for o > 1 we can take

0%

a | 222 1 log (a )\)

Bgr(p;) = = | —22 +1 + D + 2log ————~
R(PA) X m Og KL(P}@ ) og log o
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3.2 Linear Decision Rules in the Utility Setting
By definition, the estimator gy solves
R . 1
Py 1= arg min [/ R, (0)dp(0) + XDKL (p, )
pEP(O©) L/O

The distribution is not standard and must be approximated by numerical methods such as MCMC
or tempered SMC (the latter is discussed in Section [4)). Here, we consider a restrictive class of
posteriors from a parametric family. In particular, we consider the case that both p and 7 are
normal. Specifically, we assume that under m

0= (01,02,....0,) ~ N(iz, Xr),

and under p
0= (61,02, ....00) ~ N p),

where p; and p, are the mean vectors and X, and X, are the covariance matrices.

Lemma 13 The KL divergence between p : N(pu,,3,) and ©: N(pir, Xr) on R? is

1 A 1 . 1. det(%,)
D =~ (y — ) S )+ = [t (2,551 — ] = S log Soe)
KL (P ) = 5 (= i) St = i) 5 [t (B27) — ] = g log g ime™y
We further assume that Rg is described by and that for z € X,
q
m(z,0) = ¢;(x)0; = ¢(2)'6, 6 € R? (32)
j=1
for some set of feature transformations {¢1(x),....,¢q(x)} where ¢;(x) : X — R. For example,
{o1(x),...,04(x)} can consist of transforms of the observable variables using any set of basis
functions. Another case of interest would be the setting where Rg is specified by
Ro = {a(z,0) = sign (¢(x)'0) : 0 € RY} (33)

This is analogous to the setting of (Germain et al. (2009) in the 0/1 loss setting. For example,
one could take {¢1(z),....,¢4(z)} to be a set of decision stumps, with a fixed number of stumps
and predetermined thresholds for each component of z € R%. We focus on below, but the
results are easily adjusted to the setting of , simply drop the term ¢ (z).

Before proceeding, we note that the majority vote or Bayes method in this setting takes a
particularly convenient form. For any fixed X, note that under 6 ~ N(p,,%,) we have

$(X)'0 = c(X) ~ N (&(X) 1y — ¢(X), p(X)Bpd (X)),

and therefore it follows that

Eypsign [¢(X)'0 — c¢(X)] =20 (
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Hence the majority vote takes the form
ap,p(X) = sign { Egpsign [¢(X)'0 — c¢(X)] }
e AX)pp—c(X)) | _ -
= sign {QCID ( (;5(X)’qu5(X)> 1} = sign [¢(X) 1y, — c(X)] .

That is, the decision rule in this case is straightforward to calculate and depends directly on a
linear combination of a set of mappings from X to R. Additionally, we will utilize the following
lemma.

Lemma 14 Under the normal prior and posterior setting described above,

:1 n o B V(Xz',Yz‘aMp)
[ En @00 n;“x“m‘b( ¢<Xi>'2p¢<xi>)'

V(X Yis pp) = Y3 [¢(X0) 1p — ¢ (X3)] -

Given Lemma [I4] the minimization problem then reduces to the following problem:

PR |4 (Xz'7 Y;a Np) 1
(,up,Ep> = arg mln { Zw X;,Y;)® < ¢(Xi)/2p¢(Xi)> + XDKL (p, 77)} .

LprXp

where

When pr =0, ¥, = diag (Ufw») ,and X, = diag <027j>, we have

1 T
_ Py pJ :J
DKL(,O,T(')—§E 02.—1—5 = E log 2'
j=1 9m.i j=1 %mj

and the minimization problem becomes

V (X’L) }/jla Mp)

(,up, p) = arg m1n — Zq/} (X;,Y;)®

+
DO
y‘H

7
Q| =
Mp[\')
. <.
+
SRS

<

5}

o

S
<
~—

HP,U n \/E =1 Up ]d)] )2 j:1 ] 7l',j ™J
(34)
Given the estimator 57% = (6371, s 6/2)7q), we have
V (XY,
fip —argmm Zq/) (X;,Y;)® (X, Y5 1) ZAZMM

\/E 10 ,]ﬁb]( i)?

The first term can be regarded as the empirical loss function for p,, and the second term is a

weighted Lo regularizer. If all of {6,2)7 j} converge to zero, which is expected, then

. V(X’n}/;,aﬂp)
\/E?:l &g,j¢j(Xi)2

® ~ 1{V (X3, Vi, p,) <0} .
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In addition to the weighted Lo regularization, the PAC-Bayesian approach, therefore, also replaces
the indicator 1 {V (X, Y, p1,) < 0}, which is not smooth, by a smooth function ®(—V (X, Y, u,) /h)
for a small h. Smoothing and regularizations are two built-in features of the PAC-Bayesian ap-
proach.

In the econometric literature, smoothing has been proposed to overcome the technical dif-
ficulties behind the maximum score estimator. See, for example, Horowitz (1992). In instru-
mental variable quantile regressions where an indicator function is present in the criterion func-
tion, [Kaplan and Sun| (2017) discuss several benefits of smoothing, including variance reduction
and computational convenience. The PAC-Bayesian approach provides another justification for
smoothing.

Lastly, we consider a particular form of the restrictive model considered here that will be
utilized in the simulation section and is easier to implement. When ¥, = X, = I and pur = 0,
we seek only to estimate p, and the optimization problem is now equivalent to

A V(Xi,Yi, 1)\ 1, 2
fi, = argmin= Y (X;, Y;)d <—P> + 2|2 (35)
N né} locon ) 2"

The resulting decision rule is given by

a(z, fip) = sign[p(x)' v, — c(z)].

Here ) is a hyperparameter we will choose via cross validation. Alternatively, the version corre-
sponding to the model class in would drop the term ¢(X;), and is just a weighted version of
the model derived in |Germain et al. (2009), where the only difference in the objective function
above is the weighting term 9 (X;, Y;). |Germain et al.| (2009) utilizes the 0/1 based loss version of
this model with {¢1(X),...,¢m(X)} taken as a set of weak learning decision stumps and show
that the estimator performs competitively against AdaBoost in terms of misclassification rates
on several real world data sets.

Note that exhibits similarities with the soft-margin support vector machine, which selects
[lsym tO0 minimize the objective function

g 1
CZ [1 - Yz‘QS(Xz‘)/Np]+ + 5”/@”2
i=1

for some constant C' > 0 and has classification rule a(z, fisym) = sign[@(x) fisym]. In the restrictive
PAC-Bayesian objective function in , a bounded and smooth “sigmoid” loss replaces the hinge
loss of the SVM and now the terms in the objective function are weighted by 1 (X;, Y;), the missed
payoff from an incorrect decision.

3.3 PAC-Bayesian Multi-Model Aggregation

Here we consider the situation where there are multiple binary decision model classes of interest.
Section is general enough to encompass this setting with only some notational changes and
reinterpretations. Here we detail the changes in the model space, prior specification, and posterior
distribution, and present some implications relevant to implementation in this setting.

Suppose there are now K models indexed by k£ =1,2,..., K. Let ) € R% be the parameter
vector for model k. The number of parameters ¢ can be different for a different model. For
example, different decision boundaries may consist of a different subset of covariates, and the size
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of the subset can be different. Denote 8 = (k:, Q(k)). The first component of 8 signifies the model
class, and the second component signifies the model parameter given the model class in the first
component. The parameter space for 6 is

0= Ué(:l (k‘ X @(k)) ,

where O ) is the parameter space for 6. Given 6 = (k,@(k)) € 0O, the action function, now
denoted by a ) (x, G(k)), maps the covariate space X to a binary action. The single model setting
in Section can be regarded as a special case here with k = K = 1.

As before, we equip © with the standard o-algebra denoted by By. PAC-Bayesian learning
for model aggregation works in the same way as before. We need to specify a “prior” distribution
7 over the (model, parameter)-pairs {(k 0 )} in the measurable space (0, By) and then use the
performances of different pairs to update 7 to obtain an “evidence-based” distribution. The final
decision rule involves aggregating the actions of all (model, parameter)-pairs using the evidence-
based distribution.

To specify a distribution 7 over ©, we first specify the distribution 7 (k) over the model
classes k = 1, ..., K and then specify the distribution 7 (H(k)\k) over () € O given the model
class k. Let K° be a subset of K : ={1,2,..., K} and @E’k) be a measurable subset of © ;). Then

0° = Ugefeo (kX @E’k)) is a measurable subset of ©. Based on 7 (k) and 7 (6(4)|k), m (©°) is defined

) T(O%) =) [w(k)-/

keke

o

dm (H(k) |I<:)] .
(k)

With some abuse of notationEL we write the measure 7 as

71'((9) =T ((k,e(k))) =T (k)’/’i’ (Q(k)‘k) for 6 = (k,é?(k)) . (36)

This gives a general characterization of any distribution on (0, By).

Given a m € P(O), we denote the family of all distributions on (0, By) that is absolutely
continuous with respect to 7 as Py (0) . The evidence-based distribution we consider will belong
to Pr (©). For any p € Pr (©), define the Kullback-Leibler divergence between p and 7 as

p(k) dp (e(k)\k)
m(k) dr (%\k)] w0 (9<k>|’“)}p(k>-

This is the same definition as before but is tailored to the model aggregation setting with new
interpretations of § € © and the distribution over ©.
Let M (O) be the set of measurable functions on (0, By) and

K

DL (p,m) = {/@ log
(k)

k=1

Mg (©) = {A cA() € ) and Z !/@ exp (A (k,0)) dr (H(k)|k:)] 7 (k) < oo} ,
(k)

which is a subset of M (©) that has a finite exponential moment under 7. In this setting, Lemma
2l can be stated as follows.

2Here the meaning of 7 () depends on the argument supplied. We could write 7 () as mg (9), 7 (k) as 7 (k)
and 7 (G(k) \k) as To, |k (H(k)|/€) but we opt for a more economical notation. This should not cause any confusion.
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Lemma 15 For m € P(0) and A € M (0O) such that —A € MJ (O), let par € Pr(©) be the
probability measure on © defined by

pax(0) =pax(k)-pax Owlk), for 0= (k,0u)),

where
m(k)va (k)
T k) = ’
pA, ( ) Z‘ﬁlﬂ(j)yA (])
dpax (O lk) _ exXp (—A (k)
dr (8 |F) va (k) ’
and

vy (k) = /@(k) exp (—A (k, é(k)>) dm (é@ﬂk) :
)

That is, for any measurable set ©° = Ugexo (k X @‘(Jk)) C o,

pax(07) =) [PA,W (k) /@ dpas (G(k)\k)] :

keke (k)

Then, for any probability measure p € Py (©) we have

K
log [Z 7 (k) va <k>]

k=1

K
= —{DKL (psm)+ )

k=1

/@ A (k, H(k)) dp (H(k)wf)] P (k)} + D1, (pv PA,W) .
(k)

Note that log [Zle m(k)va (k‘)} does not depend on p. It follows from Lemma that

K
arg min {DKL (p, )+ Z

/ A (k,0)) dp (9<k>|k)] p (’f)}
k)

PAx- (37)

~— X~
|

=arg min D s PA T
g mmin KL (P, pa,

With the above details for the model aggregation setting, we can return to the optimization
problem similar to that in . Let R, (k,H(k)) be the empirical risk under model k& with
parameter 0y, :

1 n
Ry, (k,0) = - > (X5, Y1 {Y: # age (X, ) } -
i=1

We now solve

. 1
in [E(kﬂ(k))w [Rn(k,0)] + XDKL(/)’W) : (38)

To characterize the solution to the above minimization problem, we define the data-dependent
measure on K as .
7 (k) 05 (k)

.
A = S )

(39)
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and the data-dependent measure py (H(k)\k:) on O, in terms of its RN derivative with respect to
™ (Q(k)‘k‘) as
dpx (O |k) _ exp (AR (K, i)
dr (O |k) oy (k)

L k=1,..., K,

where

oa (k) = /@ exp (“ ARy (k,00)) dr (00 |F)
(k)

Based on py (k) and py (6()|k) , we form the data-dependent measure py (6) € P (©) according

to
NCHEDY [ﬁA (k’)'/ dpx (9(k)|7<7)] : (40)
teLe %)
This is our evidence-based distribution over (model, parameter)-pairs.
Letting

A (k,01y) = AR (k. Or))

Lemma 15| and equation thereafter show that py (6) solves the problem in (3.

One approach to evaluate decision rules based on py (#) is to simulate this distribution via
reversible jump MCMC. Alternatively, as we consider in this paper, when the majority vote
classifier is the object of interest, the form of py (f) is amenable to the SMC method. For the
single model class setting, the SMC approach is described in Section [4l One benefit of the SMC
approach is that the procedure based on a single model class is easily adapted to the multiple
model class setting. When the form of 7 (H(k) k) does not depend on the choice for 7 (k), this can
reduce the computational burden if one is interested in choosing the prior component (k) over
K from a set of potential distributions over K via cross-validation.

To see this, note that the majority vote (or, Bayesian) decision rule based on py is

K
ap py (T) = sign {E(kﬁ(k))wﬁ)\a(k) (z, 9(k))} = sign {Z px (k) a (33)} ; (41)
k=1

where
g (2) = / agk) (@, Oy )dps, (O IK) -
Ow)

For a single model class Rg ) with a given 7 (G(k) |k:)7 under general conditions the SMC procedure
produces accurate estimators for é («) and 0(k), both of which depend only on m (6)k).
These objects can be computed separately for each k € K according to the single model class
SMC procedure. Then, for a given w(k) over K, can be used to construct py(k) and the
majority vote rule is computed via . If one is interested in cross-validating the choice of
(k) from some set of distributions on K and the distributions 7 (6()|k) do not depend on (k)
for k € IC, then the objects ) () and 05(k) need only be computed once per cross-validation
sample. This is in contrast to running a reversible jump MCMC procedure for each choice of
m(k) and can be beneficial when the number of decision model classes is not very large. If the
number of model classes was very large, say, in an explanatory variable selection setting where
the total number of explanatory variables is greater than the sample size, then an alternative
computational strategy would be needed (to avoid running the SMC procedure independently for
each model class). See, for example, Guedj (2013)) for a discussion of PAC-Bayesian analysis and
implementation for binary outcomes in such a setting.

26



4 Implementation

Here we consider implementation choices and describe some settings of the computational pro-
cedures that are applied in our simulations in Section [f] In Section we discuss prior choices
and consider examples for Rg. The Rg considered center on decision models similar to those in
Su/ (2020) and Elliott and Lieli (2013), some of which are used in our simulations. However, it
should not be too difficult to make adjustments if a different model class is desired. In Section
we discuss the calculation of fi, in associated with the linear decision rule discussed at
the end of Section We also outline an implementation of the SMC algorithm of [Del Moral
et al.[ (2006) in our setting in Section

4.1 Model and Prior Choices

First we consider two specifications for Rg of the form in that are also considered in [Su
(2020). These consist of specifying a functional form for m(z,0) € Mg and the associated
parameter space ©. Then we consider potential choices for the prior probability distribution 7.
The Reo specifications allow for m(z,0) to be fairly general and are appropriate for a setting
where the number of explanatory variables d is not large relative to the sample size n. If d is
larger than n, the choices of function class and prior utilized in |Guedj (2013) (Chapter 3) would
be an option; an MCMC-based approach would be more appropriate in such a setting rather
than the SMC procedure in Section [4.2]

In many empirical applications, we have a nondecreasing collection of parameterized function
classes {Me(k>}kK:1 for K € N where M@w C /Vl@(].) for ¢ < j. In a single model class setting, we
can take Mg to be Mg, for some k € K = {1,..., K} with parameter space © = O. In the
multiple model class setting of Section we can take Mg = UszlM@(k) with parameter space

0= Uszl (k x ©(y). While the inclusion of the model class k as a component of the parameter ¢
may seem redundant when the model classes are nested, it simplifies the prior specification and
allows for generalization when the model classes are not nested.

Example 1 We consider polynomial transformations on X of order at most k € IC. For X C R¢,
the polynomial transformation of order at most k will have q; = (dzk) parameters, and it is defined

as
MR — ( 9—% 0,0, 0, = (0 0 R
e(k)_ m\z, )_Z ]¢](x)’ (k’)_( 1y qk)e s
=1

where the summation is over all monomials ¢;(x) = H?Zl a:zgﬂ with Z?Zl pje < k and pjp €

NU{0}. The parameter space associated with Mgzg is Oy = RI*.

Example 2 Define A(v) = (14 exp(—v))~'. With the same parameter set Oy = R% as in
Ezample 1], define the function space
logisti 1
MG = {m(a,0) = A(f(2,0)) : f(2,0) € MEN |
Now we consider some options for specifying the prior. First consider when Mg and ©
correspond to a single model class, i.e., Mg = Mg,,, for some fixed k € K. In cases where it

is reasonable to bound the parameter space © (for example, one could possibly replace © = R
with a bounded subset of R% given some knowledge about the distribution of P(X,Y")), a uniform
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prior over © is a potential choice. When © = R% another choice is a multivariate normal prior
over O, for example, N (0,021, ) for some 02 > 0. In the multiple model class setting with varying
class complexity, a general strategy is to choose m that puts increasingly less weight on regions
of the parameter space that are increasingly more complex. A prior that puts relatively more
weight on very complex regions of the parameter space will tend to result in larger Dxr,(p, )
terms in the bounds of Section [3.1| particularly as A increases.

In our simulations, we use the following formulation for 7 in the © = Uszl(k: X O(y)) setting.
We specify 7 as in (36)), taking 7 (6x|k) to be the N(0,021,,) distribution for k € K with a fixed
o2 > 0. To specify the model-class component 7(k) of the prior, in addition to simpler schemes
such as equal weighting, one choice we consider is to set

exp (—n¢ (k, n))

Zn

(k) =

K
. 2=y exp(—né(k,n)), (42)
k=1

where n > 0 and &(k,n) : K x N — R, is some measure of the complexity of model class k. Po-
tential building blocks for {(k, n) in the form of distribution-free model complexity measurements
are as follows. For k € K, define My, . = {z + sign(m(z,0) — c(z)) : m € Mg, } and denote
the growth functionﬁ of My by I (). Let 9c(k,n) denote an upper bound for IIj .(n) and
Vi, denote an upper bound for the VC—dimensiorﬁ of My, .. That is, ¢.(k,n) upper bounds the
maximum number of distinct ways that {sign(m(z, Or)) — c(x)), 0 € O} can classify any set
of points in X™ while Vj . upper bounds the size of the largest sample that M, . could classify
without error. To penalizes complexity, {(k,n) can be taken to be an increasing function of Vj .,
e(k,n), or both. In our simulations, we consider taking

E(k,n) = +/log Vi, (43)

and also cross-validate 7 in from a finite set of values.

Remark 1] below contains additional details regarding Vj, . and 1.(k,n) for Examples |1} and
These points are also noted in |Su (2020); we refer the reader to their Section 3.1 and the
references therein for additional discussion.

Remark 1 When Me(k> is specified as a vector space of real valued functions, the VC-dimension

of M is given by the dimension of Me ,, (c.f. Theorem 3.5 of Anthony and Bartlett (2009)). In

particular, Mgo(llj; mn Eacample has dimension (dzk) when X does not contain dummy variables,

and so we can take Vi, . = (d—};k) For E:I:ample@ with Mlé)(g:tic, Su (2020) shows that the VC-

logistic

dimension of My, . = {x — sign(m(z,8)—c(z)) : m € MQ(k) } can be bounded above by (d—,’;k)+1,

and hence we can take Vi . = (d;gk) + 1. Regarding 1.(k,n), if Vi . bounds the VC-dimension of
My, it follows from Theorems 3.5 and 3.6 in|Anthony and Bartlety (2009) that I1j, .(n) can be
upper bounded by

2”, if n < Vk,c

Ye(k,n) = (‘/e:(:)Vk’c, it n>Vg..

3For a collection H of functions from X to {—1,1}, Tl% : N — N is defined by TIx(¢) =
max  [{(h(z1),...,h(ze)) : h € H}|

(z1,---5 zp)EXt
“The VC-dimension of My .. is the largest integer £ such that Iy .(£) = 2°.
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4.2 Implementation for Methods in Section

In Section |p| our simulations evaluate the majority vote or Bayes method with the Gibbs poste-
rior py in Definition [f] and also with the linear decision rule in Section associated with the
optimization problem in . Here we first detail our approach to computing /i, in the latter
case and then outline the SMC approach applied to implement py in the former and more general
case. We address only the single model class setting here. The discussion in Section highlights
how this can be adapted to the multiple model class setting for py.

First, we make a computational adjustment so that the choice of the hyperparameter \ is
invariant to the units of measurement of the utility function. For P* C P,(©) and M € N, note
that cross-validating A € {A1,..., Ay} among distributions in

argnin | [ R,(0)dp(0) + { Drs. (.7

peEP*
is equivalent to cross-validating A € {\1%, ..., A9} among distributions in
_ 1
g | [ R(0)dp(6) + { Drc. (5.7)|. (44)
peP* Lo A

where R,,(0) = R,(0)/¢, and ¢ = n~1 3" | 4(X;,Y;). We work with the adjusted minimization
problem in . In the general setting where the Gibbs posterior py is considered, P* is P, (©)
whereas in the linear decision setting associated with the optimization problem in , P* is
the set of normal distributions over © with an identity covariance matrix (and 7 is the standard
normal distribution).

To compute fi, in the setting of Section discussed above, we follow a similar strategy to
that of |Germain et al. (2009) who analyze the 0/1-loss version of this problem. Incorporating
the adjustment in into the objective in , the optimization problem is now

' A VXL YD) < V(Xi,Yi,up)> Looe
fi, = arg min— —®  — + —||pol|*
p = argming ) = oy ) Tl

The gradient of the objective function above with respect to pu, is given by

A Zn: Y(Xi, Yi) o <Yz [P(Xi)pp — C(Xz')]> Yig(X;)
— — + s

nd g 6(X0] 6]
where ® denotes the standard normal probability density function. For a given value of ), fip
is calculated by gradient descent. As there can be multiple local minima, we tried 15 random
starting points when A/n < 10 and 100 random starting points when A/n > 10. We performed 5-
fold cross validation to select A € {2°,2!, ... 218} The discussion and references in |Alquier et al.
(2016) suggest alternative implementation methods. These can be useful for the more general
settings in Section for example when the covariance matrix X, is not set to the identity
matrix.

To implement the majority vote rule based on py in Definition 4, now with R, () replaced
by R,(6), we utilize the tempering SMC procedure of Del Moral et al.| (2006). While MCMC
is a typical choice for simulating from py, recently |[Ridgway et al. (2014) and Alquier et al.
(2016)) have highlighted the usefulness of the SMC procedure in various PAC-Bayesian settings.
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One benefit is that each run of the procedure produces a sample from each member of a set of
Gibbs posterior distributions corresponding increasing A values. This can ease the computational
burden of cross-validation.

To touch on a few elements of the tempering SMC algorithm in our setting, assume © = R?
for some g € N and that we are able to sample from a prior probability distribution 7w over ©. It
is assumed that there is an increasing temperature ladder

O=X <A <--<Ap, TEN.

{\}L, here is not generally the same set that was considered for cross-validation in the earlier
procedure for the linear decision rule. The temperature ladder is intended to be such that as )\
increases, the corresponding distributions p, progress gradually from m = py, to distributions
P, with higher values of \; that are of greater interest. For eacht = 0,...,7T, the SMC algorithm
produces a set of weighted samples, {Wt(i),ﬁgi)}fil with Wt(i) > 0 and 3N, Wt(i) = 1, of size
N and a scaling factor estimate Z;. The set of parameter draws {Ggl)}f\il are referred to as
particles (there are N weighted particles for each t). SMC combines MCMC moves with sequential
importance sampling. This produces weighted particles that emulate, in terms of computing
expectations, samples from the probability distributions p), associated with the densities

dpy, . €xp (=R, (0)]
=7

, Zt:/exp [~ AR, (0)] dn(6), t=0,1,....T.
o

Under general conditions, for a py -integrable function ¢ : © — R,
N . .
Sy (9§3)) = Bopy, (0,
i=1

as N — oo while Z7 is consistent for Zz. In our setting we are interested in ¢(8) = a(xz, §) where
a(z,0) € Re, enabling us to compute the key ingredient to the majority vote decision rule. For
additional details regarding the SMC procedure and its applications, we refer to [Del Moral et al.
(2006) and |Jasra et al.| (2007)).

The SMC algorithm we apply in Section [5] is detailed below. We set the input parameters
mrss and N there equal to 1/2 and 1000, respectively. For the {\;}; input, we adopt the piece-
wise linear structure utilized in the simulations of |Del Moral et al.| (2006) and Jasra et al. (2007
with T' = 320 and Ay = 1600. In particular, the first 20% of steps increase uniformly from 0 to
0.15 x 1600 (i.e. A; = (j/64) x 240 for j = 1,...,64), the next 40% of steps increase uniformly
from 240 to 0.4 x 1600 (i.e. A\j = 240 + (5/128) x 400 for j = 65,...,192), and the last 40% of
steps increase uniformly from 640 to 1600 (i.e. A\; = 640+ (j/128) x 960 for j = 193,...,320). In
practice, it may be beneficial to consider higher (or lower) values of Ay and or include a greater
number of steps (higher 7" value). Depending on the data generating process, higher values of Ap
can push some components such as Z, close to machine epsilon for ¢ near T'. One can experiment
a little to check that the temperature range doesn’t appear to be limited unnecessarily and if
increasing the number of steps improves performance in cross-validation samples. Alternatives to
the piece-wise linear ladder design are discussed in|Del Moral et al.| (2006]) and |Jasra et al.| (2007).
Additionally, the SMC algorithm requires a resampling step. We utilize systematic resampling,
which is also outlined below. Additional algorithm choices and cross-validation points are detailed
below the algorithm descriptions.
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Tempering SMC Algorithm

Input N (number of particles), Tgss € (0,1) (ESS threshold), {\}/_; (temperature ladder with
0< A <A<+ < Ap).

Output {Wt(i), 91‘@}?;1 fort=0,...,T, {Z}E,.
Step 1: initialization
e Sett+ 0, Zyg+ 1. Fori=1,...,N, draw Géi) ~ 7 and set Wéi) <~ 1/N.

Iterate steps 2 and 3
Step 2: Resampling

o If
N o) !
{Z(Wt(l)>} < 7EssN,
i=1

@ oY d; , , OAE
resample {Wt , 0, }':1 yielding equally weighted resampled particles {N’ 0, } ) and set

. ~Y NV ! —(i N . ~y N =
{Wt(z), 99}1‘:1 — {%, 0; )}z‘:l' Otherwise, leave {Wt(l), Hgl)}iﬂ unaltered.
Step 3: Sampling
e Sett«t+1;ift =T+ 1, stop.

e Fori =1,...,N, draw 9,@ ~ Kt(Hgi_)l, -), where K; is an MCMC kernel with invariant
distribution pj,, and evaluate the unnormalized importance weights

wgi) <0§Z_)1) = exp [—()\t — M—1)Ry, (0151_) )} )

ww (6))

Zj'v:l Wt(£)1 wt <9t(]—)1)

N
s Zt — Zt—l X {Z Wt(i)lwt (0757;) )} .

=1

Resampling Algorithm (systematic resampling):

. Ny N
Input A set of (normalized) weights and associated particles, {Wt(z),ﬂgl)} for some t €

=1
{0,...,T}.
i N
Output Resampled particles for equal weighting, { g ) }

=1

. DrawurvU[O,%].

e Compute cumulative weights C() = an:l Wt(m) fori=1,...,N.

31



e Set m « 1.
e Fori=1: N
While u < C® do 8™ « 0.
m<+ m+1,and u < u+1/N.
End For

For the MCMC kernel in the sampling step of the SMC algorithm, we use a Gaussian random-
walk Metropolis kernel with covariance matrix proportional to the empirical covariance matrix
of the current set of particles. We scale the empirical covariance of the step ¢ particles by 1/t
which produced produced reasonable acceptance rates in the first simulated training set across
the various simulation setups. The priors utilized for the majority vote associated with the Gibbs
posterior in our simulations are described in Section [5| below. We use 5-fold cross-validation to
select A from \; values for which ¢ > 25.

5 Simulation Study

To investigate the performance of the utility-based PAC-Bayesian decision rules, we consider two
data generating processes and two sets of preferences, one set with each DGP. We utilize the
same simulation design as Elliott and Lieli (2013) and |Su/ (2020). The DGPs and the associated
sets of preferences are as follows.

DGP 1: X =[-2.5,2.5], X ~ 5 x Beta(1,1.3) — 2.5, and P(z) = A(~0.5X + 0.2X3) where A(")
is the logistic function described in Example [2 and recall P(z) is defined in (2).

e Preference 1: b(z) = 20 and ¢(x) = 0.5.

e Preference 2: b(z) = 20 and ¢(xz) = 0.5+ 0.025X.

DGP 2: X = [-3.5,3.5)%, covariates X; and X; are each uniformly distributed on [—3.5,3.5]
and are independent of one another, and P(z1,x2) = A(Q(1.5x1 + 1.522)) where Q(v) = (1.5 —
0.1v) exp{—(0.25v + 0.1v2 — 0.04v°)}.

e Preference 3: b((z1,22)) = 20 and ¢((x1,z2)) = 0.75.

e Preference 4: b((z1,x2)) =20 + 40 - 1{|z1 + x2| < 1.5} and c((z1,x2)) = 0.75.

To evaluate the performance of a decision rule, we compute, by Monte Carlo simulation, the
ratio of its expected utility to the expected utility of the optimal decision in @D if P(x) were
known. This metric is intuitive as utility has no natural unit, however the ratio changes when a
constant is added to the utility function. In [Elliott and Lieli| (2013)) and [Su| (2020), this is dealt
with by choosing some normalization of the utility function. We follow the same normalization
and Monte Carlo setup as [Sul (2020)), so that our simulation results can be compared directly to
theirs. Noting that

Ula,y,z) = ib(x) [y +1—2¢c(z)]a+ ib(x) [y+1—2¢(x)]+U(-1,y,x),
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Su (2020) normalizes the utility function by setting U(—1,y, ) = —0.25b(x)[y + 1 — 2¢(z)] for all
x € X and multiplying the utility function by 4. For any decision rule a,(z) : X — {—1, 1}, this
results in the following measurement that he calls the generalized expected utility,

S (an) = B (XY + 1 = 26(X)]aq(X)}.
With this normalization, denote
a*(x) = sign[P(z) — c(z)], = € X,

i.e., a* is the optimal forecast rule. Then define the relative generalized expected utility (RGEU)
of any decision rule a,, by
E[S(an(X))]

S(a*(X))

As noted in Sul (2020)), the RGEU of the decision rule a,, can be approximated by simulation as

SZJ a|D ,J
1] 4 Syl

Here, Sy j(an|Dy ;) is the jth out of sample empirical utility with training sample size ¢ of the
decision rule a,, which is estimated on the jth training sample D,, ; with training sample size n.
Sej(a*) is the jth out-of-sample empirical utility with training sample size ¢ of a*, and S is the
number of simulation replications. Still following Su (2020), we take n € {500,1000}, ¢ = 5000,
and § = 500.

We compare the following models. Firstly, we consider maximum likelihood estimators, which
are denoted by ML in Tables|l|and |2l For k = 1,2, 3, the maximum likelihood estimator presumes
a logistic model linear in the polynomial transformations of the X up to order k. Secondly, we
consider the maximum utility estimator of |[Elliott and Lieli| (2013) (denoted MU); it is presumed
that m(z,0) belongs to the class of polynomial transformations of X for k = 1,2,3 for these
decision rules. Hence the ML estimator is correctly specified for P(X) when k£ = 3 for DGP
1. Thirdly, we consider one of the best performing (in this simulation design) model selection
procedures from Su/ (2020), based on the simulated maximal discrepancy penalty. This is a
penalized version of the MU models here (selecting the best k among k = 1,2,3). This model
is denoted MU-SMD. Fourthly, we consider the linear PAC-Bayesian model associated with
from Section [3.2] when the posterior is also constrained to be normal with identity covariance
matrix. Here we take {¢1,..., ¢g} to consist of the polynomial transformations of X up to order
3. We normalize the data (using training sample mean and standard deviation) as is common
with SVM. This model is denoted PB-NP (NP for normal posterior). Lastly, we consider the non-
constrained PAC-Bayesian method whereby the decision rule is the majority vote associated with
the Gibbs posterior py in Definition @ In this case, we consider the multiple model class setting
of Section For the model classes, we use consider 3 classes of polynomial transformations
on X of orders k € {1,2,3} = K as specified in Example We cross validate A\ according to
the temperature ladder described in Section and take 7(0;)|k) to be N(0,41,,) for each k.
These decision rules are denoted PB-GP (GP for Gibbs posterior). To specify w(k) for k € K,
we evaluate three choices. First, we take 7(k) = 1/3 for k = 1,2, 3; this is denoted EQ. Second,
we take w(k) = qi/ (Zj 19;) where g is defined in Example |1| and denotes the number of
parameters associated with model class k; this is denoted NP. Third, we utilize the weights in
and cross-validate 7 € {272,271 ... 23}; this prior choice is denoted CV in the tables.

RGEU(a,) =

RGEU(a,) = E [
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The simulation results are presented in Tables[l|and [2] after the Conclusion. The utility-based
PAC-Bayesian decision models PB-GP and PB-NP perform very well, achieving higher RGEU
than the MU and MU-SMD decision rules across all preferences and DGPs. The margin of the
improvements is often sizable. Only the ML rule with a correctly specified DGP (ML with k = 3
for DGP 1) outperforms the BP- models. However, whenever the ML procedure is misspecified, it
mostly performs quite poorly relative to all the utility-based methods. This performance further
deteriorates when the preferences vary with the covariates as they do for Preferences 2 and 4. As
shown in Elliott and Lieli (2013), the cubic MU (k = 3) is correctly specified in both the DGP
1 and DGP 2 settings. However, it is also observed there that MU can be prone to overfitting
and aided by model selection procedures. Nonetheless, the PB- models outperform against the
MU-SMD procedure in this simulation setting as well.

The restricted PAC-Bayesian decision model, PB-NP, performs slightly worse than the general
version associated with the Gibbs posterior, PB-GP in most settings. However, the margin
between the PB-NP and PB-GP models is not always very sizable. This may suggest that the
restricted model can stand on its own, particularly when the sample size is larger or when there
is a set {¢;(x) }?:1 of interest that could be difficult to work into a more general Gibbs posterior
setting. For example, when {qﬁj(:n)}?:l is a larger set of weak learners as in|Germain et al.| (2009),
the setting of Section may be easier to implement. Lastly, we did not observe much of an
impact on the RGEU from cross validating the choice of 7 in the prior (k).

6 Conclusion

An asymmetric payoff structure is often a salient feature of economic decision making problems.
For the binary decision/forecast problem where the decision maker faces asymmetric payoffs
that vary with observable variables, we propose a PAC-Bayesian approach. We show that many
key elements of the PAC-Bayesian classification literature can be extended to accommodate this
setting, deriving high probability training sample bounds and oracle inequalities that suggest
decision rules of interest. The decision rules perform very well against alternatives methods
in Monte Carlo experiments, allow for flexible functional decision rule forms, allow for valid
training-sample risk bounds and confidence interval computation, and can take advantage of
Bayesian estimation machinery.
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Table 1: Relative generalized expected utility, n = 500

DGP 1 P(x) = A(—0.5z + 0.227)
Preference b(x) =20, c(x) = 0.5 b(z) =20, ¢(z) = 0.5+ 0.025x
7 class weighting: EQ NP CV EQ NP (A
PB-GP 81.74 81.28 80.72 81.84 81.82 80.41
PB-NP 74.21 77.13
MU-SMD 65.54 58.87
Poly. order: k=1 k=2 k=3 k=1 k=2 k=3
ML 34.16  29.57 93.09 9.13 10.92 94.37
MU 51.02 52.85 65.74 32.40 43.80 53.26
1.5—0.1v
DGP 2 P($) = A(Q(]'SJ:l + 15332))7 Q(/U) = exp(O.Qév+O.lv220.04U3)
Preference b(x) = 20, c¢(z) = 0.75 b(x) =20+ 1|z + x2| < 1.5, ¢(z) = 0.75
m class weighting: EQ NP CV EQ NP (A%
PB-GP 72.81 72.62 72.49 61.77 61.65 61.40
PB-NP 69.75 56.45
MU-SMD 68.81 52.84
Poly. order: k=1 k=2 k=3 k=1 k=2 k=3
ML 60.17 58.75 59.48 29.52 27.87 33.81
MU 66.71 51.87 67.69 48.35 33.14 51.47

Note: The MATLAB packages glmfit and simulannealbnd with default settings for each
algorithm were used to compute the MLL and MU models. The code implementing the ML, MU
and MU-SMD models was provided by the author of [Su (2020).
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Table 2: Relative generalized expected utility, n = 1000

DGP 1 P(x) = A(—0.5z + 0.227)

Preference b(x) =20, c(x) = 0.5 b(x) = 20, ¢(z) = 0.5 + 0.025x
7 class weighting:  EQ NP CV EQ NP (A

PB-GP 87.73 87.86 87.47 90.81 90.65 90.43

PB-NP 81.52 88.83

MU-SMD 70.75 67.30

Poly. order: k= k=2 k=3 k=1 k=2 k=3

ML 30.92  30.03 96.97 7.12 6.26  97.42

MU 53.24  58.19 69.50 36.91 49.13 60.41

DGP 2 P(z) = A(Q(1.5z1 + 1.5x2)), Q(v) = exp(o‘Qéﬁ&%};zo'o%%
Preference b(x) = 20, ¢(x) = 0.75 b(x) =20 + 1|z1 + 22| < 1.5, ¢(x) = 0.75
7 class weighting:  EQ NP CV EQ NP (A

PB-GP 78.61 78.46 78.25 70.09 70.18 69.86

PB-NP 73.72 63.75

MU-SMD 71.94 59.72

Poly. order: k=1 k=2 k=3 k=1 k=2 k=3

ML 58.71 57.36  59.40 27.16 24.15 31.14

MU 69.97 58.14 70.81 54.92  39.24 55.97

Note: The MATLAB packages glmfit and simulannealbnd with default settings for each
algorithm were used to compute the MLL and MU models. The code implementing the ML, MU
and MU-SMD models was provided by the author of [Su (2020).
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7 Appendix of Proofs

7.1 Proofs for Section 2]
Proof of Lemma (1. First we will show that for any (z,y) € X x {—1,1},

Y (x,y) 1{y # ap,(x)} < 2Eg ph(x,y)1{y # a(x,0)}. (45)

To show this, note that ¢(z,y) > 0 by Assumption (1] (i) and the fact that ¢ (z,y) = U(1,1,x) —
U(-1,1,z) when y = 1 and ¢(z,y) = U(-1,—1,2) — U(1,—1,z) when y = —1. Therefore, (45)
holds when y = ap () = sign { Eg~,a (x,0)} as then the left hand side is zero. When y # ap ,(x),
this implies that y - Fy,a (x,0) < 0. Therefore in the alternative case when y # ap ,(z),

Y(z,y)1{y # ap,} = ¥(z,y)
< 1/1(957 y) {1 - yEQNpa (33, 6)}

= 2By (w9)5 (1 - a(2,6))
= 2E9~p¢(wvy)1 {y 7é a (.1‘, 0)} :

This shows that holds. By and the monotonicity of expectation,

Exypxy¥ (X,Y)1I{Y #ap ,(X)} < 2Exypx,v) Eoph (X, Y)I{Y # a(X,0)}.

The statement of Lemma, 1| then follows from an application of Fubini’s theorem. m

Proof of Lemma |2, By definition, we have

Dx1, (p, pa,r)

- [ o [djjm ) dsto)

= [ o {fljj(e) o) } 4o (6)

o2 0)] an 0

g | [ exp (~A@) dx 0)] = - | [ 46)dp(6) + Dic. ()| + Dic (rp).
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Proof of Corollary
Part (a). Since pa, = argmin,cp (o) DKL (p; pax) and the left hand side of does not
depend on p, we have

PAx = arg max —[/A )dp (8) + Dk, (p, )]
PEP (O

= argpe%lrn [/ A(0)dp (0) + Dk (p, )] :

By (21)), we then have
= /@A (0)dpax(0) + Dk (pax, )
= —log [/@ exp (—A(0)) dr (9)] :

Part (b). Taking A = —Ain Lemma We obtain that for any probability measure p € P (©),

log [ /9 exp (A (0)) ] [ / A(0)dp(0) — DxL (pm)} + Dk (ps p-Ax) - (46)

Note that Dkr, (p, p—a,x) > 0. It follows from that

g | [ exp (4@ dr )] = | [ A©)dp(6) - Dis (0.7 + Dis (0.5-1)

> [/@A(@)dp(ﬁ)—DKL (Pﬂf)] .

/@ A(0)dp (0) < Dy, (p, ) + log [ /@ exp (.A(H))dw(@)].

This implies that

7.2 Proofs for Section 3.1

Proof of Theorem Let A(#) = AD[R(6),R, (0)] and X\ € I. and Fubini’s theorem
imply that

/@ exp (AD[R (0, R (0)]) dr(6) < oo

holds almost surely. Therefore, by Corollary |3 (b), the event
{ [A01R0) R0 @)1 d000)

< log [/@ exp (AD [R(0), R, (0)]) dﬂ'(@):| + Dk (p, m) for all p € P(O) simultaneously} (47)
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occurs with probability one. Applying Jensen’s inequality to the object on the left-hand side of
the inequality in this event, we obtain that

Pr{AD[R (ac,p) . Ru (aG,)]
< log [/@ exp (AD[R(6), R, (0)]) dﬁ(@)] + Dx1.(p,m) for all p € Pr(O) simultaneously}
= 1. (48)

Next, we establish a high-probability bound for log [ fg exp (AD [R (0) , Ry, (9)]) dr (6)] using
the Markov inequality: for any constant C,

Pr{log [ /@ exp (AD [R(0), Ry, (0)]) dr (a)l > 0}

< Pr{ [/@ exp(AD[R(0), Ry, (0)])dr (9)] > exp C’}
_ Elfoexp WD[R(6), R (6)]) dr (6)]

expC
_ f@ Eexp(AD[R(0), R, (0)]) dr ()
expC

<exp(f(A\n)—0C).

where the equality follows from Fubini’s theorem and the last inequality follows from .
Solving the equation exp (f (A\,n) — C) = € for C, we find

1
C=f(\n)+log-.
€

” Pr{log [/@exp()\D (R(0), Ry (0)]) dr (0)| < f()\,n)+log1} >1-e

Note that the above high probability bound does not involve p. Combining this with , we
have

A log i+ D
Pr {D [R(ag,p),Rn(ag,)] < fm) + og;\ + Dict (. ) for all p € Pr(O) simultaneously}
>1—ce. (49)
n

The proof of Lemma [6] below will utilize the following two lemmas.

Lemma 16 Let X be a random variable with EX = 0 such that for some constant K > 0, the
MGF of X? satisfies

1
Eexp (A*X?) < exp (K*A?) for all A such that [A| < i (50)

Then
Eexp(AX) < exp (K?)?) for all A € R.
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Proof of Lemma This follows from the proof of Proposition 2.5.2 in |Vershynin (2018)),
pages 22-23. n

Lemma 17 Let X be any random variable taking values in [0,1] with EX = p. Denote X =
(X1,...,Xy) where X1, ..., X, are iid realizations of X. Let X' = (X1,..., X)) where X1, ..., X},
are iid realizations of a Bernoulli random variable X' with probability of success . If f : [0,1]" —
R is convezx, then

E[f(X)] < E[f(X)]

Proof of Lemma This lemma is due to Maurer| (2004). Another proof with more details is
given in |Germain et al.| (2015); see Lemmas 51 and 52 there. For intuition, we can regard X' as
a mean-preserving spread of X and —f as the utility function. Then the lemma says that X is
preferred by an expected utility maximizer having concave utility —f (). =

Proof of Lemma [6l

Part (a). Let (X,Y) ~ P(X,Y) and let py = EY(X,Y) < oo where finiteness follows from
Assumption 2| (iv). Recall that under Assumption [2| (iv), there exists a constant Ky > 0 such
that

Eexp {\*9(X,Y)*} <exp (K A?) for all A such that || < ;w (51)
Now for either s € {—1,1} and any 6 € ©, consider
s[EL(0,Y,X) —£(0,Y, X)] = s [E(P(X, Y)Y #a(X,0)}) — (X, Y)I{Y #a(X,0)}]. (52)
Recall that )(X,Y) > 0. Using (a — b)* < a® + b2 for a > 0 and b > 0, we have
Bexp { ) (s [E{(X,Y)1{Y # a(X,0)}} - p(X, Y)1{Y # a(X,0)}]) |
< Bexp {\(X,Y)? + X (E {(X,Y)}) } .

Additionally,
Eexp {)\Qw(X, Y)? + )\2/%2/,} < exp ()\2 [Ki + M?p])

for any A such that |A| < 1/Ky, which follows from (51)). Seeing as 1/(K12p —}-N?p)l/Q < 1/Ky, the
following condition holds

Eexp {)\2 (s[EC(8,Y,X) —£(0,Y, X)])Q} <exp (N [K2 +12]),

for all A such that |\ < 1/ (be + ,ufb)l/ 2. As the expression in has mean zero, Lemma
yields that

Eexp{A(s[EL(0,Y,X)—€(0,Y,X)])} <exp ([K] + pi] A?) for all X € R. (53)
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Applying (53),
Eexp{AD[R(0),R, (0)]} = Eexp{As[R(0) — R, (0)]}

= Eexp {Z [2 (s[EL(0,Y;, X;) — E(Q,E,Xi)])] }

=1
=[[Eex» {2 (s[B¢(0,Y;, X;) — f(ﬁ,Yi,Xi)])}
=1

n A2 [Ki n mﬂ A2 [K?p + uﬂ
— 5 | =ep | ————
n n

Taking an integral with respect to w yields

AQ K2+ 2
/@EGXP {AD[R(0) , Ry (0)]} dm(6) < exp (M) ;

n

implying the first expression for f(\,n).

To derive the second expression for f(A,n) in the case that the utility function is bounded,
note that ¢¥(z,y) =U(1,1,2) —U(—1,1,2) when y = 1 and ¢(z,y) = U(-1,-1,2) - U(1, -1, z)
when y = —1. When

Umax = sup|U(a, Y, .T)| < o0,
a,y,r
it follows that 0 < (0, y,z) = ¢ (x,y)1{y # signjm(x,0) — c¢(x)]} < 2Umax under Assumption
By Hoeffding’s lemma (see, for example, Massart and Picard| (2007), page 21), with s = —1, for
any 0 € © we have

Eexp (AR, (0) ~ R(0)) = Eexp <2 S 106,V X) — B0, Y, Xm)
=1

= HEexp { A [0(0,Y;, X;) — EX(6, Y;,Xi)]}

n

=1

- \2(2 \2U2
< max — max . 4
< Z.Hlexp <2n2 ) exp <2n > (54)

Nearly identical steps in the s = 1 case, now with Hoeffding’s lemma applied to —¢(0,Y;, X;),
i =1,...,n, produce that

Eexp (MR (6) — Ry (6))) < exp (”2];;) (55)

Integrating with respect to , and yield that

2772

A
/ Eexp(As[R(0) — Ry (6)]) dr (6) < exp (g;;) sef{-1,1).
S
This demonstrates that 1' holds with f (A, n) = )‘2(2]7;2;‘“ in the bounded utility setting.
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Part (b). Again note that when the utility function is bounded by Upax we have 0 <
0(0,y, ) < 2Umax under Assumption [1} Therefore £(0,y,z)/ (2Umax) € [0,1]. Set

_ (H6.Y1, X)) 46,V X,)
N 2Umax T 2Umax ’

and note that for any 6 € ©,

exp {AD (R (0) , Ry (9))} = exp [Af (R (9)) = 2UmaxA - fvf)}

— exp {)\]-" (R(6)) — 2U‘:laxA 3 5(02’;’ Xi) } (56)
i=1 max

is a convex mapping of X. By (Maurer’s) Lemma

2UmaxA - EG,Y’Z,XZ 2UmaxA -
Eexp{)\}'(R(H))— n"“‘ Z (2U )}SEexp{)\}'(R(G))—naZX{},

=1

where X{,..., X are iid Bernoulli random variables with success probability R(0)/ (2Umax) €
[0,1]. From here we can continue as in the proof of Corollary 2.2 in |Germain et al. (2009)). We
have for any 6 € O,

2Umax A
Eexp{A}'(R(H))— Un Ang}
=1

— oxp {AF (R(8))} E exp {_MHA Zx;}

i=1

= exp {\F (R Z Pr (Z X! = k) exp ( UmaxAk:)

}z<><wm;>’f<1—2@<f;>""“ o (5]
SN I A
— exp (\F (R (9))}{1—(%;}{)[ ()|}

where the second to last equality is from the binomial theorem. Now, noting that

oo = (- (gi ) [ ()

we have

2Umax A
E A 0)) — —= X/ =1
exp{ F (R - ety } (58)
Combining equations (56)), (57), and (58), we have
Eexp{A[F(R())— R, (0)]} <1, (59)
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and so equation holds with f(\,n) = 0.
Part (c). Let 0 € ©. If R(0) — \U2,./(2n) > F(R(H)), which is not random, then clearly

D(R(6), Ra(0)) = R(6) = AU/ (21) = Ra(6).
In this case,

Eexp (AD[R(0), Ry, (0)]) = E exp <>\ [R(H) _ AU _ Rn(f))D

2n
2n

NU2 NU2
< exp (—ﬁ“) exp <2;13X> =1 (60)

where the inequality follows from (5F]). Alternatively, in the case that R(6) — AUZ,,/(2n) <
F(R(#)), we have

— exp (_“fm) Eexp (\[R(0) — Ra(0))

Then, by ,
Eexp (AD[R(9), Ru(8)]) = Eexp (A[F (R(8)) — Ry (0)]) < 1. (61)

Integrating over © with respect to m, it follows from and that
[ B DR O). Ry (0)) dn(6) < 1.
©

so condition holds with f(A\,n) =0. m

Proof of Theorem [Tl
Part (a) follows directly from Theorem [5] and Lemma [6] (a) with D as in Lemma [f] (a).
Part (b). Let D be as specified in Lemma [6] (b). It is straightforward to verifty that D is
convex. Note that
D(T‘l, 7’2) = ./—")\7”<7"1) — T2 S 0

for any 0 € R if and only if

(o) oo (225 o 2 )]

The latter is equivalent to

ry < 2V max l1—e —i(r +0)
'S 1 exp (—2UmaxA/n) R

= Fyn(ra+0).

Setting r1 = [o R (0) dp(0), 2 = [o Rn (0) dp(#) and o = 1 [log 2 + Dk1(p, )] and using Theo-
rem 5| and Lemma |§| (b) yields the desired result.

Part (c). Now let D be as specified in Lemma [6] (¢c). That D is convex follows from the
convexity of D specified in part (a) plus a constant, the convexity of D specified in part (b), and
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the fact that the maximum of two convex functions is convex. Theorem [f] combined with Lemma
[6] (¢) yields that

Pr{max [ /@ R (0)dp(0) — Ag% - /@ Ry, (0) dp(0), .7-"( /@ R(6) dp(9)> - /@ R, (0) dp(@)}

Dy (p,m) +log ¢
< KL (P, T )\) 0g ¢ € for all p € Py (O) simultaneously} >1—e€

(62)

Now, observe that

wax | [ R(0)ap(0) - M _ [ @ a0, 7 ([ mO)a000)) - [ R 0)3000)]

- Dxy (p,m) + log%
- A
holds if and only if

2772
LR ©a00) < [ Ru0)io®) + 5 |52 4 D (0.7 + 1o 1| = Vsl

and
_ 1 1 1
L7 @a00) < 73 ([ Ra©)an(0) + S Dslo.m) + 108} ) = (0
hold simultaneously. Additionally, the two inequalities directly above hold simultaneously if and
only if
/@ R (0)dp(f) < min {UAmp(e), Ufmp(e)} .

Therefore,

{max [ /@ R(0) dp(0) — 2V / R (6) dp(6 ( / R(6)dp(0 ) / R (Q)dp(H)]

D log ¢
< KL (p,m )\) +log for all p € P (O) simultaneously}

= {/ R(0)dp(0) < min {Uxx ,(e), U;\Fm’p(e)} for all p € P (O) simult(meously} .
(S
(63)
Combined, and imply the result of Theorem [7| (c)

Proof of Theorem Part (a). This part follows directly from Theorem [7] with s = 1 and
p = Px-
Part (b). Define the events & and &, :

[ A2 (Ki-i-,ui) 2-
& = /@ 8) dp» (6 /R ) dpx (0 A Dt (pa,m) + —————+log | 1,

I 2 <Ki + ,u?/)) 2_
& = / R, (0)dpy (0 / R(6)dpy (6 /\ Dxy, (pr, 7) + ———= + log . .
©
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Then

Pr (&) Zl—gandPr(é’g) > 1—%
So
Pr(&Né&)=1—-Pr(E&fU&F) > 1 —Pr (&) — Pr (&)

€ €
>1-S_ -1
=17 573 ¢

But, the event given in Part (b) is just & N &. Hence, the inequality in Part (b) holds with
probability at least 1 — e.
Part (c). By the definition of py, we have

[ B )i (9) +{Drs (7)< [ B 9)dp(0) + 5Dk (.7)

for all p € Pr(0©) simultaneously. Hence, by part (a), with probability at least 1 — €/2:

2 2 2
1 '*@%+“@ 2
— =

L R©dn O < [ Ra@do(6)+ 1 | Dis (o) + log >
<) [e) n €
for all p € Pr(0©) simultaneously. Using Theorem [7| (a) now with s = —1, we have, with
probability at least 1 — €/2,
1 A2<Kﬁ‘*”i) 2
Rn(0)dp(0) = | R(0)dp(0) + 1 | Dxr(p,m) + ——— —— +log -
(C] ©

Therefore, with probability at least 1 — e,

)\2 K2+ 2
/ R (8) dpx (8) < / R()dp(6) + 3 D, () + 5 W+10g2 (64)
[e) <) n €

for all p € P, (O) simultaneously. Hence, with probability at least 1 — e,

. 2 2 A2<Kﬁ‘¥“i> 2
/ R(0)dpx(0) < sup / R(0)dp(0) + < DkL (p,7)| + v | ——— +log -
e pePr(0) LJO A A n €

In the case where Up.x < 00, we can follow the same steps based off Theorembut with (K i—i— ,ui)
replaced by U2, /2.
Part (d). This follows directly from Theorem [7j(c) with p=p,. =

Proof of Theorem [9
Part (a). Let s € {0,1}. For any p € P(0O), including sample dependent p, let

1 [ AU ax
Bn ()\1,A2,Z;p,ﬂ') = )\71 T—’_logz—i_DKL(paﬂ-) )
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and define the event

£ (1, N, 2 pr ) = {/@s [R(0) — R(0)] dp(60) > By, ()\1,)\2,z;p,7r)}.

Note that by Theorem [7a), Pr(&, (A, A, 1/€;p, 7)) < € for any A > 0. Additionally, holding the
other arguments constant, B,, (A1, A2, z; p, 7) is decreasing in A1, increasing in Ay, and increasing
in z. Hence

En (M, A, zyp,m) CE, (5\1,)\2,2; 05 7r> for Ay > A1,
gn (Al,)\g,z;p,ﬂ) Q gn ()\1,5\2,2’;,0, 7T> fOI‘ ;\2 S /\2,
En (M, A, z;p,m) C & (M1, A2, 25 p,m) for 2 < 2.

Now, fix @ > 1. With some abuse of notation, the event of interest in Part (a) is the
complement of the event &, («; p, 7) defined by

O, 042 2
En (s p,m) == {/@s[R(Q) — Ra(0)] dp(0) > inf {Bn <2A1 <11§g:> » W) }}

Note that )
A 1 [log o\
Sn(avpvﬂ-)_ Ugn <Q7A7€< loga ) 70777')-

A>1

A 1 (log o\ 2 loo A 1 (log o\ 2
Ug" <a’)\’ € < log o > ,p,ﬂ) - ~ }En (a’)\’ € ( log o T

A>1 k:())\e(ak7ak+1

But

and for all X € (¥, a**1] it holds that

A 1 (loga®r)’ B
gn <7)‘)<Oga > ;p)7r> ggn a 70/6’7
[0 € €

log v Q@
Hence
2
1 /1 24\ 2 k+1 1 /1 2k
U g” 57)\’7 oed A P, T ggn Lvakaf M 0T
« e \ loga « € log
AE(ak aktl]
and
> A 1 [loga®A
Pr (&, (a;p,m)) < ZPr U En <a’)\’e ( oz a ) ,p,7r>

k=0 | \e(ak,ak+1] J
o0 I k1 ] 2 k2 ]

el (e (Y

« € log
k=0 i ]
00 i 2
2

:ZPT gn (ak7ak7 (k+ ) 7p>77>]
k=0 L ¢

<§: ‘ —<1772—1>e<e



where last inequality follows from Theorem [7|(a). Therefore,
Pr (&, (a;p,m)) >1—¢€
This is the statement for Part (a).

Part (b). Applying Part (a) with p = p5, the following event holds with probability probability
1—e€

/ s [R(0) — Rn(0)] dp5(0) < inf {A
©

2202 1 log (oA
5, T1og =+ Dxr(p5, m) + 2log log (o)) :
2n log

Then, Part (b) follows from the above and the observation that, for A > 1, it holds that

2772 2
mf{ A2 1 log ( )\)]}
A>1 | A

Q;Hax + log + Dk (p5, m) + 2log

log «
9%
a A U2 1 log (a )\)
< = |/ 4] D 2log —————=
<5 | T, Tlesot KL (5, ) + 2log g o

Part (c). We proceed similarly to part (a). For any p € P,(©) that may be sample dependent,
define

— 1 [A3Uzax
By (A1, A2, 25 p,7) R 0)dp(0 +log z + Dxr(p, )| ,
)\1 2n
and
— 2Unax Ao 1 1
B. (M, Aa, 2 p, ) = Una {1—eXp [—/ Rpdp(0) — —log z — —Dk1, (pﬂr)”-
1 — exp (_%) n n n
Note that \ | 2\
— 1 [(loga —
Bn BNE) >\ - N ' P = e )
(a € < log > p W) U, ,p,a(€)
and

2Umax A 1 log a2\ 1
= 1-— —— R,dp(0) — —log — — =D ,
Ty (_%) { exp[ n/@ p(0) " og ( log @ ) n KL (p ﬂ)]}

an

2Umax A 10ga2/\ 1
= 1-— —— R,dp(8) + —1 + =D ,
l—exp(—”‘g&) { exp[ n(/e p(0) + \ og — < log o/ ) h\ KL (p W))]}

_ 1 1 [log a2\ 2 —F

1

=F R, + —log — + =D ,m) | =U )
nAo (/@ dp(0) by 0g E < log > \ KL (p )) )\,mp,a(e)

Now, holding the other arguments constant, notice that min[B,, (A1, Az, z; p, ) ,ET]; (A1, A2, z; p, )]

is decreasing in \1, increasing in A2, and increasing in z as both By, (A1, A2, 2; p, 7) and Ef (A1, A, z; p, )
have these properties.
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With some abuse of notation, define the two events:

En(A1, A, 2 p,m) {/R )dp(0) > min [By (A, A2, 2 p, >,Bf<A1,A2,z;p,w>}},

(o p, {/ R(6)dp(0) > /1\r>1f1 {mm[ n (A1, Ao, 250, ),B:(x\l,)\g,z;p,ﬂ)]}}

and notice that by Theorem (c), Pr(En(M\ A, 1/€p,m)) < € for any A > 0.
The event of interest in Part (c) is the complement of £(«; p, 7). Now, we have

log o\
n(a;p,m) = J&n ( ( oza > mm)
A>1
> — (X 1 [loga®r\?
c n 77>‘77 TN 5 P .
_U U (a e<loga> pﬂ)

k=0 (ak,ak+1)

™

Hence, following arguments similar to those in part (a),

Pr (Z ) ip J = ()\ \ 1(10ga2)\>2 ) )
T a; P, T n| —»A — 3P, T
k=0 AE(ak akt1] @ ‘ loga i
- ) -
> — [ aFt! 1 ( log (a2 ozk)
< P n F - s M
- k:z—o e a ' Ye log o
= k+2)2
- ZPI‘ gn <ak7ak7( i ) 7p77T>]
k=0 L ¢
<€,

It follows that Pr (5 (a; p, ) ) > 1 — €, which is the statement of interest for part (c).
Part (d) follows from Part (c) via steps parallel to those in the proof of Part (b). m

Proof of Lemma We will show that for all 6 € O,

Bexp {/\D (QRUEE))X fU”f)) } ~ Eexp {n Kl ( foi 2@?) } <tm).  (65)

Then the result follows from integrating over © with respect to 7.
First consider any 6 such that R(6) = 0 or R(f) = 2Upax. Recall

R(0) = EY(X,Y){ap(X) # Y},

$(X,Y) can be written ¥(X,Y) = U(Y,Y,X) — U(~Y,Y, X) < 2Upax, and %(X,Y) > 0 by
Assumption |1} If R(6) = 0 then it follows that we must have Pr(agp(X) = Y) = 1 and hence
Hag(X;) #Yi} =0fori=1,...,n (as.). Hence R,(#) = 0 in this case (a.s.), so that holds.
If R(0) = 2Upax, it follows that we must have Pr(¢)(X,Y) = 2Upax) = 1 and Pr(ag(X) =Y) =0,
so that now R, (0) = 2Unax (a.s.) and again holds.
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When 6 is such that R(0) ¢ {0, 2Umax}, the proof follows that in Theorem 1 of Maurer| (2004)
or Lemma 19 in |Germain et al.|(2015)) with minor adjustments. Note that

00.Y;, X;) R(9)

oo oo (i )} o oo (1555202 )

(600, Y1, X1)/2Umascs - - -+ €00, Yoo, X) /2Umax) and €(0, 2, 9) /2Umasx €

is a convex function of X =

[0,1]. Then, by Lemma

E exp {)\D < (6) , R”(9)>} < Eexp {n -kl ( Z ! 2Umax>} (66)

2 Umax 2 Umax

where X{,..., X/ are iid Bernoulli random variables with success probability R(6)/(2Umax)-

Denoting X' =>"" | X!
1., R()
FEexp {n -kl <nX , 2Umax> }
o 2X Moix T
- R(9) 1 EO
2Umax 2[]ma,x
k k 1_ k n—=k
/ n n
ren () ()
2Umax 2Umax
n k n—k O\ F ko \"F
(7 (RO N (| RO : 1-%
B Z: k 2Umax 2Umax 2];(9) 1— 215(9)
() (-0 e )

Therefore holds for any 6 € ©, completing the proof. m

!/

Il
M-
=

Proof of Corollary We have

/ U,.(6)dp (6) — / U(6)dp (6)
©

©
N UL Y X — EUYG Y X)) + [ 7 ® - R, @)14p0).

n ¢
Using Hoeffding’s inequality, we have

<

N

n

1 @ 21og 2
P - }/:MYMXZ ) }/;aYZvX’L max :
( ;[U( ) — BU( ) > U - )
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Therefore,

< Un (0)dp (9) — /@ U(0)dp (6) > Bu + Br (ﬁ))

{i U(Yi, Y, X) - EU(YZ,YZ,XH>BU}
=1
{ / (R (0 (9)}dﬁ(9)>33(ﬁ)}
(C]
§§+§

and the result follows. m

7.3 Proofs for Section [3.2]

Proof of Lemma By definition and via simple calculations, we have

Dxr, (p, )

= —%E(;Np log m + (60— :U’p)/ 2;1 (6 —p,) — (6 — un)’Egl 0 — 1)

- _% o8 j:E g:; % [M — Egp (0 = p + 1o — 1) 5 (0 — ptp + p1p — b1
— —og S L [a1 0 (5,55 — iy — e ' (i~ )]

- % (1p = 1) B (p — i) +% [tr (2,571) — M] - % ogm,

Proof of Lemma [14. We have

/R )dp (0

- Z¢ Xi,Yi)Egpl { Vi # sign [¢(X,)'0 — c(Xi)] }
== Zwm, i) Eppl {Yi [6(X:)'0 — ¢ (X;)] <0}
lezj (Xi,Yi) B pl {[Yid(X,)'0 — Yie (X;)] <0}

7Z¢ X0, YD) Ez-no1p 1{[ (up+z;/2z> —Yic(Xi)] < 0}
i=1

*Ziﬂ X3, Yi)Przuno,1,) {Yz¢ VS22 <Y [e(X5) - Xz{:up]}
=1

1 ¥ fe (%) = 80Xl
Z““Y ( XS0 X0) )
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7.4 Proofs for Section [3.3

Proof of Lemma The proof is essentially the same as that for Lemma [2] but we can be
more explicit. By definition, we have

pax (k) dpaxOwlk)  wvatk)  exp(-A(k0u))
m(k)  dr(Owlk) K 7 ()val) va (k)
_ o (AR Ow))
Zﬁﬂ(])m ()

Now, using the definition of the KL divergence, we have, for any p € P (©) :

(P,
B or | PE) dp (e |¥)
_Z{/ew] ° LA,W (k) dpAw(Q(k k) ] e lt) }p

k=1
_y p(k) dp (0u)k) | pan( dpAW( wlk) ]
N ; {/@)(k> 1Og{77(k) dr (O |k) w(k) dr (0| k) dp (O|k)) ¢ p (k)
& (k) dp () )> (exp (—A (k,e(k)))>] }
;{/@(k) llog <7r k) dr (0 |k) 8 S 7 () va ) dp (O |k)) ¢ p (k)
= (k) dp (O lk)
:;{/% log[ (k) " dr (6] )] dﬂ(%)“ﬂ)}ﬂ(’f)
K
+ /e A (k,0)) dp (01 |k) ] k) + log {Z
k=1 (k) -

/@ A (k,04)) dp (Q(k)!k)] p (k) + log {Zﬂ(j) VA (j)] .
")

k=1 =1
Hence
K
log {ZW(]’) va (J)]
=1
K
{DKL (0,m)+ / A (k,0y) dp (9(k)|7€)] P(k)} + Dk, (ps par) -
k Ow)
]

o1
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